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Abstract. The paper analyzes the notion of an unbeatable strategy
as a game solution concept. A general framework (game with relative
preferences) suitable for the analysis of this concept is proposed. Basic facts regarding unbeatable strategies are presented and a number of
examples and applications considered.
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Introduction

Nowadays Nash equilibrium is the most common solution concept in game theory.
However, a century ago, when the discipline was in its infancy, the term "solving a
game" was understood quite di¤erently. The focus was not on …nding a strategy
pro…le that would equilibrate con‡icting interests of the players. The main goal was
to …nd, if possible, an individual strategy enabling the player to win (or at least
not to lose) the game, in other words, to construct an unbeatable strategy. This
question was considered in the paper by Bouton (1901-02), apparently the earliest
mathematical paper in the …eld. Borel (1921) formulated in his study the general
problem "to investigate whether it is possible to determine a method of play better
than all others; i.e., one that gives the player who adopts it a superiority over every
player who does not adopt it". When developing this idea, Borel introduced a famous
class of games, that later received the name "Colonel Blotto games" (Borel 1921).
It should be noted that the problem of constructing unbeatable strategies turned
out to be unsolvable for the vast majority of mind games of common interest (such
as chess). What mathematicians could achieve, at most, was to prove that games in
certain classes were determinate. A game is called determinate if at least one of the
players has an unbeatable strategy.
Problems related to the determinacy of chess were considered in the paper by
Zermelo (1913). Although this result is traditionally referred to as Zermelo’s theorem,
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the determinacy of chess was apparently established for the …rst time by Kalmár
(1929); for a discussion of the history of this question see Schwalbe and Walker
(2001).
A deep mathematical analysis of the determinacy of in…nite win-or-lose games of
complete information was initiated by Gale and Stewart (1953). This line of studies
has led to remarkable achievements in set theory and topology. The highlight in
the …eld was "Martin’s determinacy axiom" and a proof of its independence of the
Zermelo–Fraenkel axioms of set theory (Martin 1975). For comprehensive surveys of
research in this area see Telgársky (1987) and Kehris (1995); for reviews of topics
related to unbeatable strategies in combinatorial game theory see Berlekamp et al.
(1982).
However, the above achievements had for the most part purely theoretical value,
having nothing to do with real-life applications. They dealt with elegant games
created in the minds of mathematicians. A classical example is the Bouton’s (1902)
game "Nim", a theory of which was developed in his pioneering paper. Therefore
new, applications-oriented solution concepts based on the idea of equilibrium (von
Neumann 1928, Nash 1950) came to the fore. They became central in game-theoretic
analysis, especially, in economics.
It should be noted that for symmetric games, unbeatable strategies, if they exist,
are the same for both players and form a saddle point for the associated zero-sum
game (see Section 3 below) whose payo¤s are de…ned as di¤erences between the
payo¤s of the players in the original game. This might be the reason why the topic
of unbeatable strategies was "absorbed" by the analysis of saddle points and reemerged only years after the seminal von Neumann 1928 paper. In the 1950s, when
game theory started developing primarily as a mathematical framework of economic
modeling, non-zero sum N -player games started prevailing in the …eld, and the notion
of Nash equilibrium became central to the area.
The concept of an unbeatable strategy as such emerged again in theoretical biology and served as a starting point for the development of evolutionary game theory
(EGT). Hamilton (1967) used this notion, and the term “unbeatable strategy”—
without a rigorous formalization— in his paper on the analysis of sex ratios in populations of some species, which turned out to be extremely in‡uential. Maynard
Smith and Price (1973) formalized Hamilton’s idea, but at the same time somewhat
changed its content. The notion they introduced, usually referred to as an evolutionary stable strategy (ESS), should be called, more precisely, a conditionally unbeatable
strategy. It it is indeed unbeatable, but only if the rival is "weak enough." In the
context of evolutionary biology, ESS is a strategy which cannot be beaten if the
fraction of the rivals (mutants) in the population is su¢ ciently small. This de…nition
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requires the population to be in…nite, since one has to speak of its arbitrarily small
fractions. Versions of ESS applicable to …nite populations were suggested by Scha¤er
(1988, 1989). Scha¤er’s notions of ESS— there are two of these— are also in a sense
conditionally unbeatable strategies. The …rst requires that the population contains
only one mutant, the second assumes that there are several identical mutants.
It is not surprising that an unbeatable strategy, rather than a Nash equilibrium,
turned out to be a key idea that …tted ideally the purposes of evolutionary modeling
in biology. Nash equilibrium presumes full rationality of players, understood in
terms of utility maximization, and their ability to coordinate their actions (or the
presence of Harsanyi’s "mediator") to establish an equilibrium, especially if it is
non-unique. In a biological context such possibilities are absent, and moreover the
role of individual utilities, always having a subjective nature, is played in EGT by a
…tness function, an objective characteristic re‡ecting the survival rate in the natural
selection process.
It is standard to present EGT models in conventional game-theoretic terms, with
utilities/payo¤s and Nash equilibrium, but this is just a matter of convenience, that
makes it possible to employ the terminology and the results of conventional game theory. Moreover, EGT models are nearly exclusively symmetric, and as has been said
above, the analysis of unbeatable strategies in the symmetric case boils down to the
consideration of symmetric Nash equilibria (possessing some additional properties).
At the same time, this kind of exposition, although convenient in some respects,
might be misleading in others. In EGT, in contrast with conventional game theory,
players do not select their strategies. Strategies are nothing but "genetic codes" of
the players they have no in‡uence on, while payo¤s or utilities are not their individual
characteristics (which are typically unobservable), but as has been noted, represent
their …tness functions amenable to observations and statistical estimates.
The notion of ESS proposed by Maynard Smith and Price (1973) reigned in
Evolutionary Game Theory for many years. An unconditional variant of ESS—
fully corresponding to the Hamilton’s idea of an unbeatable strategy4 — was …rst
revived in the context of economic applications of EGT in a remarkable paper by
Kojima (2006), three decades after Maynard Smith and Price and four decades after
Hamilton. The study of Kojima was motivated by the economic applications, where
4
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the assumption of smallness of the population of "mutants" is obviously not realistic:
a new technology or a new product can be thrown into the economy in any quantities.
In several years after Kojima’s work, it was discovered (Amir et al. 2011, 2013)
that the concept of an unbeatable strategy represents a very convenient and e¢ cient
tool in the analysis of …nancial market models combining evolutionary and behavioural principles— see the surveys in Evstigneev el al. (2015) and Holtfort (2019).
This circumstance motivated us to undertake a systematic research on unbeatable
strategies, which is conducted in the present paper.
The next section introduces a general framework (game with relative preferences)
in which we examine unbeatable strategies. Section 2 analyzes in detail the case of
a game with two players and cardinal preferences. In the remainder of the paper,
various examples and applications are discussed. Some of these examples and applications are entirely new, some other are essentially known, and the novelty consists
in their presentation from the perspective of unbeatable strategies.

2

Game with relative preferences

Game description. Consider a game of N players i = 1; :::; N choosing their
strategies xi from some given sets X i . Let Z X 1 ::: X N be the set of admissible
strategy pro…les. Let W i be the set of outcomes of the game for player i. Denote by
wi = wi (x1 ; :::; xN ) 2 W i the player i’s outcome of the game that corresponds to the
admissible strategy pro…le (x1 ; :::; xN ) 2 Z.
We would like to de…ne the notion of an unbeatable strategy of some player i.
To this end, we assume that for any pair of outcomes wi 2 W i ; wj 2 W j (j 6= i) a
preference relation
wi <ij wj ; wi 2 W i ; wj 2 W j

is given. This preference relation is used to compare the game outcomes wi and wj
of players i and j by estimating their relative performance. We do not impose any
assumptions on the preference relation <ij ; it is de…ned in terms of an arbitrary
non-empty set f(wi ; wj ) 2 W i W j : wi <ij wj g.
De…nition. A strategy x of player i is called unbeatable if for any admissible
strategy pro…le (x1 ; x2 ; :::; xN ) 2 Z with xi = x, we have
wi (x1 ; x2 ; :::; xN ) <ij wj (x1 ; x2 ; :::; xN ) for all j 6= i:

(1)

According to this de…nition, player i adopting strategy x cannot be outperformed by
any other player j 6= i irrespective of what strategies player i’s rivals j 6= i use.
4

Reduction to the case of two players. Suppose we are interested in unbeatable strategies for player i in the above game. Then, as is easily seen, we can reduce
the general game with N players to a game with two players, one of whom is player
i while the other consists of the "team" fj : j 6= ig of i’s rivals. Indeed, de…ne the
^ of the second player in the new game as
strategy set X
Y
^=
X
Xj;
j6=i

(the set of the strategy pro…les of the team of the i’s rivals) and put
Y
^ =
W
W j:
j6=i

Further, de…ne
where

^;
w(^
^ x) = (wj (^
x))j6=i 2 W
x^ = x

i

= (xj )j6=i :

The set Z^ of admissible strategy pro…les in the new two-player game is as follows:
(xi ; x^) 2 Z^ , (xi ; x i ) = (x1 ; x2 ; :::; xN ) 2 Z.
^ w^ used to compare the relative performance of player i
The preference relation wi <
and the group fj : j 6= ig of her rivals means that
wi <ij wj for all j 6= i;
where w^ = (wj )j6=i . Clearly x is an unbeatable strategy of player i in the original
game if and only if x is an unbeatable strategy of player i in the new game.
Cardinal preferences (numeric measures of performance). Suppose that
for each player i in the competitive game, a function Fi (wi ), wi 2 W i is given.
Assume that the preferences <ij are de…ned in terms of the functions Fi as follows:
wi <ij wj , Fi (wi )

Fj (wj ):

One can interpret Fi (wi ) as the "score" assigned to player j if the outcome of the
game for her is wi .
Playing against the team of rivals. The performance of the team of the i’s
rivals w^ = (wj )j6=i can be characterized by
F^ (w)
^ = max Fj (wj ):
j6=i
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For each admissible strategy pro…le (x1 ; x2 ; :::; xN ), de…ne
fi (x1 ; x2 ; :::; xN ) = Fi (wi (x1 ; x2 ; :::; xN )):
Then a strategy x of player i is unbeatable if and only if for any admissible strategy
pro…le (x1 ; x2 ; :::; xN ) with xi = x, we have
fi (x1 ; x2 ; :::; xN )

fj (x1 ; x2 ; :::; xN ); j 6= i;

or equivalently,
fi (x1 ; x2 ; :::; xN )

max fj (x1 ; x2 ; :::; xN ):
j6=i

Symmetric N -player games. Let us say that the above game is symmetric if
X = X 2 = ::: = X N and for every permutation (i) we have
1

fi (x1 ; :::; xi ; :::; xN ) = f

(i) (x (1) ; :::; x (i) ; :::; x (N ) );

(2)

in particular,
fi (x1 ; :::; xi ; :::; xj ; :::; xN ) = fj (x1 ; :::; xj ; :::; xi ; :::; xN );

(3)

In the general case, if we wish to verify that x is an unbeatable strategy of some
player, say player 1, then we need to check the validity of N 1 inequalities
f1 (x; x2 ; :::; xN )

fj (x; x2 ; :::; xN ) for all j = 2; :::; N:

(4)

However, if the game is symmetric, it is su¢ cient to verify only one of these inequalities, for some particular j, say j = 2:
f1 (x; x2 ; :::; xN )

f2 (x; x2 ; :::; xN ):

(5)

Proposition 2.1. Inequalities (4) hold for all x2 ; :::; xN if and only if inequality
(5) holds for all x2 ; :::; xN .
Proof. Assuming that (5) holds, consider any j = 3; :::; N , and observe that the
inequality
f1 (x; x2 ; :::; xN ) fj (x; x2 ; :::; xj ; :::; xN )
is equivalent to (5) because (3) implies
fj (x; x2 ; :::; xj ; :::; xN ) = f2 (x; xj ; :::; x2 ; :::; xN ):
see (2).
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Two players, cardinal preferences

In this section, we examine in detail unbeatable strategies in games of two players with cardinal preferences speci…ed by payo¤ functions. We repeat the general
de…nitions formulated in the previous section in this particular case.
Unbeatable strategies in the present context. Consider a game of two
players with strategy sets A, B and payo¤ functions u(a; b), v(a; b). Here, the payo¤
functions u(a; b) and v(a; b) are interpreted as measures of performance ("scores") of
players 1 and 2. The goal of a player is to construct a strategy that would make it
possible to outperform the rival (get a higher "score") whatever the rival’s strategy
might be.
De…nition. Let us say that a strategy a of Player 1 is unbeatable if
u(a ; b)

v(a ; b) for any strategy b of Player 2.

(6)

Analogously, a strategy b of Player 2 is called unbeatable if
v(a; b )

u(a; b ) for any strategy a of Player 1.

(7)

According to (6), if Player 1 uses the strategy a , then he will outperform Player
2, irrespective of her strategy b. Condition (7) expresses the analogous property of
the strategy b of Player 2.
Determinacy. A game is said to be determinate if at least one of the players
has an unbeatable strategy.
Unbeatable strategies in …nite games. Consider a game of two players having …nite strategy sets A = fa1 ; :::; ak g, B = fb1 ; :::; bl g and payo¤s uij = u(ai ; bj ),
vij = v(ai ; bj ). According to the above de…nition, a strategy an of Player 1 is unbeatable if in the nth row of the payo¤ matrix, the payo¤s of the …rst player exceed
the corresponding payo¤s of the second player: unj
vnj . Analogously, a strategy
bm of Player 2 is unbeatable if in the mth column of the payo¤ matrix, the payo¤s
of the second player exceed the corresponding payo¤s of the …rst player: vim uim .
The associated zero-sum game. To analyze the concept of an unbeatable
strategy we will associate with the original game a zero-sum game in which the
strategy sets of players 1 and 2 are the same as above, A and B, while the payo¤
functions of players 1 and 2 are given by
f (a; b) = u(a; b)

and

v(a; b)

g(a; b) =

f (a; b):

Remark 3.1. If the original game is zero-sum, then v(a; b) =
f (a; b) = u(a; b)

v(a; b) = 2u(a; b);
7

u(a; b), and so

which means that the associated zero-sum game is essentially equivalent to the original one.
Remark 3.2. If the original game is symmetric, i.e. v(a; b) = u(b; a), then
f (a; b) = u(a; b)

v(a; b) = v(b; a)

u(b; a) =

f (b; a);

and consequently, the payo¤ function f (a; b) in the associated zero-sum game is
skew-symmetric:
f (a; b) = f (b; a):
Thus f (a; b) = g(b; a), which means that the associated zero-sum game is symmetric.
The associated game and unbeatable strategies. Recall that in the associated zero-sum game, the payo¤ functions are
f (a; b) = u(a; b)

v(a; b) and g(a; b) =

f (a; b):

We can see that a strategy a of Player 1 is unbeatable if and only if f (a ; b)
every strategy b of Player 2, or equivalently,
minb f (a ; b)

(8)

0:

Analogously, a strategy b of Player 2 is unbeatable if and only if f (a; b )
every strategy a of Player 1, or equivalently,
maxa f (a; b )

0 for

0 for
(9)

0:

Determinacy in terms of the associated game. It follows from (8) and (9)
that Player 1 has an unbeatable strategy if and only if
maxa minb f (a; b)

0;

(10)

and Player 2 has an unbeatable strategy if and only if
minb maxa f (a; b)

0:

(11)

Thus the original game is determinate if and only if for the associated zero-sum game
at least one of the conditions (10) and (11) holds.
Assumption 3.1. Here, as before, we assume that all the maximum and minimum values of all the functions we deal with are attained. This is so, e.g., in the
following two cases: (i) the strategy sets A and B are …nite; (ii) A and B are closed
and bounded sets in RN and the functions u(a; b) and v(a; b) are continuous.
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Finite games. Consider a …nite game with strategy sets A = fa1 ; :::; ak g, B =
fb1 ; :::; bl g and payo¤s uij = u(ai ; bj ), vij = v(ai ; bj ). Denote by
fij = f (ai ; aj ) = uij

vij ;

the payo¤s of Player 1 in the associated zero-sum game. In view of (8) and (9), we
have the following: a strategy an of Player 1 is unbeatable if all the elements fnj in the
nth row of the payo¤ matrix (fij ) are non-negative: fnj 0 for all j. Analogously,
a strategy bm of Player 2 is unbeatable if all the elements fim in the mth column of
the payo¤ matrix (fij ) are non-positive: fim 0 for all i. Consequently, the original
game is determinate if and only if the matrix (fij ) has either a non-negative row or
a non-positive column.
Example 3.1. Consider a game with the payo¤s uij = u(ai ; bj ), vij = v(ai ; bj )
of players 1 and 2 and the associated zero sum game with the payo¤s fij = uij vij
of Player 1:

b1

a1
a2
a3

b2
3; 1 3; 1
0; 1
4; 6
1; 2
2; 4

b1

b3
2; 0
5; 4
3; 3

a1
a2
a3
maxi fij

b2 b3
2 2
2
1
2 1
1
2 0
1 2
2

minj fij
2
2
2

We have
minj maxi fij =

1; maxi minj fij =

2:

The matrix (fij ) has a non-positive column, and so Player 2 has an unbeatable
strategy.
There are no non-negative rows in the matrix (fij ), and so Player 1 does not
have unbeatable strategies.
The game is determinate but the associated zero sum game does not have a
saddle point because max min fij 6= min max fij .
Saddle point implies determinacy.
Proposition 3.1. If the associated zero-sum game has a saddle point, then the
original game is determinate.
Proof. If a saddle point exists, then, as we know, the value of the game
f = max min f (a; b) = min max f (a; b):
a

b

b
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a

is well de…ned. If f

0, then the condition
maxa minb f (a; b)

holds, and so Player 1 has an unbeatable strategy. If f
minb maxa f (a; b)

(12)

0
0, then the condition

(13)

0

holds, and so Player 2 has an unbeatable strategy.
The proof is complete.
Remark 3.3. The converse to Proposition 3.1 is not true. This follows from the
above example. The game examined there is determinate but a saddle point in the
associated zero-sum game does not exist (max min fij 6= min max fij ).
Equivalence of determinacy and saddle point. Although the converse to
Proposition 3.1 is not always true, it is true under one of the following additional
assumptions regarding the original game: 1) the game is symmetric; 2) the game is
a win-or-lose game.
Proposition 3.2. Let the original game be symmetric. Then it is determinate if
and only if the associated zero-sum game has a saddle point.
Proof. In view of Proposition 3.1 it is su¢ cient to prove "only if": determinacy
implies saddle point. Observe that in a symmetric game, if one of the players has an
unbeatable strategy a , then the other player has the same unbeatable strategy. Let
us show that a ; a is a saddle point in the associated zero-sum game. For each a we
have
f (a ; a) = u(a ; a)

v(a ; a)

0; f (a; a ) = u(a; a )

v(a; a )

0;

which implies that f (a ; a ) = 0. Therefore f (a; a )
f (a ; a )
f (a ; a), which
means that a ; a is a saddle point of f .
Win-or-lose game is a game in which the payo¤s u(a; b) and v(a; b) take on 2
values: 1 (win) and 0 (lose), and u(a; b) = 1 if and only if v(a; b) = 0.
Proposition 3.3. A win-or-lose game is determinate if and only if the associated
zero-sum game has a saddle point.
Proof. "If" was proved in Proposition 3.1. Let us prove "only if". Suppose one
of the players, say Player 1, has an unbeatable strategy a , i.e. u(a ; b) v(a ; b) for
all b. This implies
u(a ; b) = 1; v(a ; b) = 0 for all b:
(14)
Take any b in B. We claim that a ; b is a saddle point. Indeed, f (a ; b ) = u(a ; b )
v(a ; b ) = 1 0 = 1, and so f (a; b ) f (a ; b ) = 1 for all a. On the other hand,
10

f (a ; b ) = f (a ; b) = 1 for all b by virtue of (14). Consequently, a ; b is a saddle
point.
Now assume that Player 2 has an unbeatable strategy b , i.e., u(a; b ) v(a; b ) for
all a. This yields
u(a; b ) = 0; v(a; b ) = 1 for all a:
(15)
Take any a in A. Let us show that a ; b is a saddle point. Indeed, f (a ; b ) = 1,
and so f (a ; b) f (a ; b ) = 1 for all b. Further, f (a ; b ) = f (a; b ) = 1 for all
a in view of (5). Thus, a ; b is a saddle point.
On the existence of unbeatable strategies. We formulate a general existence
theorem for unbeatable strategies. Let us introduce the following assumption:
( ) For each strategy b of Player 2, there exists a strategy a (b) of Player 1
satisfying
u(a (b); b) v(a (b); b):
This assumption expresses the idea that for every strategy b of Player 2 there exists
a strategy a (b) of Player 1 which "beats" b, i.e. guarantees a better performance of
Player 1 compared to Player 2.
Clearly, condition ( ) is necessary for the existence of an unbeatable strategy of
Player 1. To prove the existence of such a strategy we need in fact to show (derive
from ( ) under appropriate assumptions) that the same a (b) = a with property ( )
can be selected for all b.
Assume that condition ( ) holds.
Theorem 3.1. Let A be a convex, closed and bounded set in Rn and let B
be a convex set in Rn . Let the functions u(a; b) and v(a; b) satisfy the following
conditions: (i) u(a; b) is continuous and concave in a and convex in b; (ii) v(a; b) is
continuous and convex in a and concave in b. Then Player 1 possesses an unbeatable
strategy.
Pyrrhic victory. Consider the game analyzed in the previous example:
b1

a1
a2
a3

b2
3; 1 3; 1
0; 1
4; 6
1; 2
2; 4

b3
2; 0
5; 4
3; 3

Clearly the strategy b1 of Player 2 is unbeatable: it yields payo¤ greater than
the payo¤ of Player 1, irrespective of his strategy. Thus b1 is good in terms of the
relative payo¤s. However, in terms of the absolute payo¤s, b1 is the worst (strictly
dominated by any other!) strategy of Player 2.
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This seeming paradox demonstrates that the rationality in terms of a relative
criterion may be wildly inconsistent with the rationality in terms of the absolute
one. The strategy b2 allows Player 2 to gain the victory over Player 1, but this is a
Pyrrhic victory — a victory that is so devastating for the victor that it is tantamount
to defeat. It is achieved as an outcome of a "war of attrition", at the expense of a
dramatic reduction in Player 2’s payo¤, which is less, however, than the reduction
in the payo¤ of Player 1.
Preference consistency for win-or-lose games. We point to some classes
of games in which relative and absolute criteria of rationality are consistent. Recall
that in a win-or-lose game, the payo¤s u(a; b) and v(a; b) take on two values: 1 (win)
and 0 (lose), and u(a; b) = 1 if and only if v(a; b) = 0.
By de…nition, a strategy a of Player 1 is unbeatable if and only if u(a ; b)
v(a ; b) for all b, which in the present context means
u(a ; b) = 1 and v(a ; b) = 0 for all b:

(16)

This implies that
1 = u(a ; b)

u(a; b) for all a; b;

(17)

and so a is a weakly dominant strategy of Player 1. On the other hand, if a
is weakly dominant and u(a; b) = 1 for at least one pair of strategies (a; b), then
relations (17), and consequently, (16) are valid. This proves the following
Proposition 3.4. In a win-or-lose game, an unbeatable strategy is weakly dominant. If at least one strategy of Player 1 can beat at least one strategy of Player 2,
then any weakly dominant strategy is unbeatable.
Preference consistency for symmetric zero-sum games. This is another
class of games where the relative and absolute preferences of the players are consistent.
Proposition 3.5. In a symmetric zero-sum game, a strategy is unbeatable if and
only if it forms a symmetric NE.
Proof. If a is an unbeatable strategy of Player 1, then
u(a ; b)
and so u(a ; b)

v(a ; b) =

u(a ; b);

0. Further, we have
u(a ; a ) =

u(a ; a ) = 0:

Therefore
u(b; a ) = v(a ; b) =

u(a ; b)
12

0 = u(a ; a );

and so (a ; a ) is a symmetric NE. Conversely, if (a ; a ) is a symmetric NE, then
u(b; a )
u(a ; a ), where u(a ; a ) = u(a ; a ) = 0, which implies u(a ; b) =
u(b; a ) 0 and
v(a ; b) = u(b; a ) 0 u(a ; b):
Consequently, a is unbeatable.

4

Determinacy vs saddle point

Finite games with random payo¤s. As we have seen above, for symmetric
games the question of determinacy is equivalent to the question of the existence
of a saddle point in the associated zero-sum game. If the game is not symmetric,
this is not the case anymore. Moreover, it can be demonstrated that in a natural
probabilistic sense, determinacy is "much more frequent" than saddle point. We will
formalize this assertion and provide its proof— see Theorem 3 below.
Consider a zero-sum game with a …nite set of strategies i = 1; 2; :::; n and payo¤s
gij = g(i; j) of the second player. As we have seen in Remark 1, in this case the
associated zero-sum game has payo¤s ij = 2gij , and obviously it possesses a saddle
point if and only if the original game has a saddle point. Suppose that ij , i; j =
1; :::; n, are independent identically distributed random variables with a uniform
distribution on [ 1; 1]. Denote by n the probability that the random game at
hand is determinate and by n the probability that it has a saddle point.
Theorem 4.1. We have
n

n

=2

2(1

= n2 2

n+1

2

(n
(2n

n n

) ;

(18)

1)!
;
1)!!

(19)

and
n=

n

! 0 as n ! 1

(20)

at an exponential rate.
The proof of Theorem 4.1 will be provided in the next three subsections.
How often is the game determinate? In other words, what is the probability
n that in the random game described above, at least one of the players has an
unbeatable strategy? By virtue of (10) and (11), n is the probability that
=: max min
i

j

ij

0 or
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= min max
j

i

ij

0;

(21)

i.e.
n

= P (A [ B); A = f

0g; B = f

0g:

We claim that P (A \ B) = 0, i.e. the probability that both players have unbeatable
strategies is equal to zero. Indeed, by virtue of Proposition 3, this happens if and only
if the associated zero-sum game has a saddle point x; y with (x; y) = 0. This event,
in turn, occurs if and only if = = 0. But P f = 0g = 0 because the random
variable has a continuous distribution: its distribution function is di¤erentiable,
as it follows from formula (22) below. Therefore n = P (A [ B) = P (A) + P (B).
For each x 2 [ 1; 1], we have
Pf
P fmin
j

xg = P fmin
j

ij

xg = 1
1

x for each ig = P fmin

ij

P fmin
Pf

1
2
is as follows:

> xgn = 1

ij

and so the distribution function of
Pf

Pf

> xg = 1

ij

j

xg = [1

(

1
2

(

ij

xgn ;

ij

j

> x for each jg =

x n
) ;
2

x nn
) ] ; x 2 [ 1; 1]:
2

(22)

From the above formulas, we obtain
Pf

0g = 1

P f < 0g = 1

To compute the probability P f
P fmin max
j

i

P fmax
i

ij

ij

ij

P fmax

ij

i

i

Pf

0g = 1

(1

2

n n

) :

0g, we write

> 0g = P fmax

> 0g = 1

Pf

> 0 for each jg = P fmax
i

0g = 1

0g = 1

(1

2

Pf

ij

0gn = 1

ij

> 0gn ;
2

n

n n

) :

Thus, we conclude that
n

= Pf

0g + P f

0g = 2

2(1

2

n n

) :

How often does the game have a saddle point? Let us compute the probability n of the existence of a saddle point in the game under consideration. We
claim that n is equal to n2 n , where n is the probability that the game has a
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saddle point at some particular pair of strategies {; j. To show this it is su¢ cient to
prove the following:
P fA(i0 ; j0 ) \ A(i1 ; j1 )g = 0 for any (i0 ; j0 ) 6= (i1 ; j1 );
where A(i; j) is the the event that (i; j) is a saddle point. If both events A(i0 ; j0 ) and
A(i1 ; j1 ) occur, then
max min ij = min i0 j = min i1 j ;
i

j

j

j

or in other words, i0 = i1 , where i = minj ij . The random variables 1 ; :::; n
are independent and have the same continuous distribution. Consequently, the probability that their maximum is attained simultaneously at two di¤erent points i0 and
i1 is equal to zero.
It remains to compute the probability n . To this end we write
= Pf

n

Z

1
2

Z

1
1

1
1

1
P f i;j x
2
Z
1 1
P f i;j
2 1

Pf

Z

where

(2n 1)

{;j

for all i; jg =

for all i 6= {; j 6= j j

x

{;j

{;j

= xgdx =

for all i 6= {; j 6= jgdx =
{;j

; for all j 6= jgdx =

1
1

Pf

1

(1

xgn 1 P fx

i;j

(2n 1)

2
Z

{;j

{;j

x for all i 6= {gP fx

i;j

1
2

2

i;j

Z

{;j g

n 1

dx =

1

(1 + x)n 1 (1

x)n 1 dx =

1

x2 )n 1 dx = 2

(2n 1)

2 In = 2

2n+2

In ;

1

In :=

Z

1

(1

x2 )n 1 dx:

0

To compute In let us make the change of variables x = sin y. Then we have 1
1 sin2 y = cos2 y and dx = cos y dy. Therefore
Z =2
Z =2
2(n 1)
In =
cos
y cos y dy =
cos2n 1 y dy =
0

0
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x2 =

2n
2n

4
2
2n 1 (n 1)!
:::
=
3
3
(2n 1)!!

2 2n
1 2n

and
n

=2

2n+2

2n

(n
(2n

1

1)!
=2
1)!!

n+1

(n
(2n

1)!
;
1)!!

which yields (19).
Determinacy occurs "much more often" than saddle point. To complete
the proof of Theorem 3 it remains to prove (20). We …rst observe that
l := lim

n!1

n=

n
2n 1

= lim

2n

n!1

2n (1
n

2

n n

)

= 1:

This follows from the fact that
1

l = lim x[2 x
x!0+

1

2 x (1

2

1
x

1

) x ] = 1:

Thus in order to establish (20) we write:
n
2n

=
1

n

=

n

(2n
n2 2 n+1 2n 1 (n

1)!!
1 (2n
=
1)!
n (n

1)!!
=
1)!

1 (2n 2) + 1 (2n 4) + 1
4+1 3
:::
=
n
(n 1)
(n 2)
2
1

We can see that
Theorem 4.1.

5

1
1
3 2n 1
1
(2 +
) ::: (2 + ) 3
:
n
n 1
2
n
n = n ! 1 at an exponential rate, which completes the proof of

Unbeatable strategies in evolutionary game theory

Our next goal is to demonstrate applications of unbeatable strategies in Evolutionary Game Theory.
Population model. Members of a population of organisms (e.g. animals, human
beings, plants, etc.) interact pairwise. Each organism can be of a certain type x.
The set of possible types is X. There is a function u(x; y); x; y 2 X (…tness function)
that characterizes the ability of organisms to survive. If an organism is of a type x
16

and faces the probability distribution of types y in the population, then its ability
to survive is characterized by the expectation of u(x; y) with respect to .
In evolutionary biology, elements x in X might represent genotypes of species and
u(x; y) the (average) number of surviving o¤spring. In evolutionary economics, such
models serve to describe interactions in large populations of economic agents. Types
x can represent various characteristics of economic agents and/or patterns of their
behaviour.
Symmetric game. With the given model, we associate a symmetric two-player
game in which the payo¤ functions of the players are u(x; y) and v(x; y) = u(y; x),
and their common strategy set is X. In this context, we will use the terms "types"
and "strategies" interchangeably. The values of the …tness function u(x; y) will be
interpreted as "payo¤s".
Consider the evolutionary population model (see, e.g., Weibull 1995). Let X be
the set of possible types of interacting organisms/economic agents in the population
and u(x; y), x; y 2 X, the …tness function. Let us say that a strategy x is (strictly)
unbeatable if
(1

")u(x ; x ) + "u(x ; x) > (1

")u(x; x ) + "u(x; x)

(23)

for all x 6= x and all 0 < " < 1. We will omit "strictly" in what follows.
Evolutionary interpretation of an unbeatable strategy. For an unbeatable
strategy x , the inequality (23) must hold for all x 6= x and all 0 < " < 1. For an
ESS x , it must hold only for " > 0 small enough, which means that "non-mutants"
x outperform "mutants" x only if the fraction of the mutants is small enough. The
de…nition of an unbeatable strategy requires that this should be true always, not
only when the fraction of the mutants is su¢ ciently small.
Proposition 5.1. A strategy x is unbeatable, i.e. (23) holds for all 0 < " < 1,
if and only if for each x 6= x at least one of the following conditions
u(x; x ) < u(x ; x ) and u(x; x)
u(x; x )

u(x ; x);

(24)

u(x ; x ) and u(x; x) < u(x ; x)

(25)

is ful…lled.
Proof. Suppose (24) holds. Multiply the …rst inequality in (24) by 1 ", the
second by ", and add up. This will yield (23). The same argument shows that (25)
implies (23).
Conversely, observe that inequality (23) holds for each 0 < " < 1 if and only if it
holds as a non-strict inequality both for " = 0 and " = 1 and as a strict inequality in
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at least one of the two cases: " = 0 and " = 1 The former case corresponds to (24)
and the latter to (25).
Remark 5.1. We comment on the meaning of conditions (24) and (25) in terms
of dominance of the strategy x in the two-player two-strategy game
u(x ; x ) u(x ; x)
u(x; x ) u(x; x)

:

Conditions (24) and (25) mean that in this game the strategy x is dominant in the
following sense: the inequalities
u(x; x )

u(x ; x ); u(x; x)

u(x ; x)

hold and at least one of them is strict. Recall that if both inequalities are strict,
then the strategy x is called strictly dominant. If both inequalities hold but none
of them is assumed to be strict, then the strategy x is called weakly dominant. The
above dominance property is "intermediate" between the last two.
Remark 5.2. We compare (24) and (25) with the conditions de…ning ESS: for
each x 6= x , we have either
u(x; x ) < u(x ; x )
(26)
or
u(x; x ) = u(x ; x ) and u(x; x) < u(x ; x):

(27)

Note that the assertion that at least one of the conditions (24) and (25) holds is
equivalent to the assertion that for each x 6= x , one (and only one) of the following
two requirements is ful…lled:
(I) u(x; x ) < u(x ; x ) and u(x; x) u(x ; x);
or
(II) u(x; x ) = u(x ; x ) and u(x; x) < u(x ; x):
This is clear because the inequality u(x; x ) u(x ; x ) involved in (25) can hold
either as a strict inequality, and then we have (I), or as equality, which leads to (II).
Remarkably, condition (II) coincides with property (27) in the de…nition of ESS,
but condition (I) contains together with the strict equilibrium property u(x; x ) <
u(x ; x ) stated in (26) the additional requirement u(x; x) u(x ; x).
Mixed strategies and simple games. Let X be the set of mixed strategies in
a symmetric game with two strategies a1 ; a2 and the payo¤s uij = u(ai ; aj ) of the …rst
player. Unbeatable strategies (as well as ESS and mixed-strategy NE) are de…ned
18

in terms of the di¤erences u( ; ) u( ; ), where = (p; 1 p) and = (q; 1 q)
are mixed strategies. Therefore unbeatable strategies are the same for the original
game and the reduced simple game
u1 = u11
0

u21

0
u2 = u22

u12

In the analysis of this game, we will assume, as before, that u1 6= 0 and u2 6= 0.
We characterize those mixed strategies
strategy in the game at hand, i.e. satisfy for
(I) u( ; ) < u( ; ) and u( ; ) u( ;
(II) u( ; ) = u( ; ) and u( ; ) < u( ;
We know the structure of ESS:
ESS

= (q; 1
all 6=
);
):

= (q; 1

q) which form an unbeatable
conditions (I) or (II):

q)

Case 1 u1 < 0; u2 < 0 one

q=q ;q =

Case 2 u1 > 0; u2 > 0 two
Case 3 u1 < 0; u2 > 0 one
Case 4 u1 > 0; u2 < 0 one

q = 0; 1;
q = 0;
q = 1:

u2
; 1
u1 + u 2

q =

u1
;
u1 + u2

Which of these ESS are unbeatable?
Case 1. The mixed strategy = (q; 1 q) with q = q is an unbeatable strategy.
Indeed, we know that u( ; ) = u( ; ) and u( ; ) < u( ; ) for all a 6= , which is
precisely condition (II).
In all the other cases (cases 2-4), ESS are strict and so we have only to check the
second inequality in
(I) u( ; ) < u( ; ) and u( ; ) u( ; );
which can be written as
u( ; ) = p2 u1 + (1

p)2 u2

pqu1 + (1

p)(1

q)u2 = u( ; ):

(28)

Case 2: neither q = 0, nor q = 1 are unbeatable. Indeed, if q = 0, then (23)
becomes p2 u1 + (1 p)2 u2 (1 p)u2 , which is not true for p = 1. If q = 1, then
(23) yields p2 u1 + (1 p)2 u2 pu1 , which is wrong for p = 0.
Case 3: q = 0 is unbeatable because p2 u1 + (1 p)2 u2 (1 p)2 u2 (1
Case 4: q = 1 is unbeatable because p2 u1 + (1 p)2 u2 p2 u1 pu1 .
We summarize the results obtained in the following table:
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p)u2 .

unbeatable strategies
Case 1 u1 < 0; u2 < 0 one

(q; 1

q)

q=q ;q =

u2
;
u1 + u2

Case 2 u1 > 0; u2 > 0 no unbeatable strategies
Case 3 u1 < 0; u2 > 0 one
q = 0;
Case 4 u1 > 0; u2 < 0 one
q = 1:
Unbeatable strategies and replicator dynamics. We will show that for the
replicator dynamics process those ESSS which correspond to unbeatable strategies
form globally evolutionary stable steady states (GESSS). By de…nition, a steady
state x of a dynamical system is globally stable if trajectories of the system starting
from any initial point in the domain of the system (and not only from points in some
su¢ ciently small neighborhood of x) converge to x.
Case 1: u1 < 0, u2 < 0. As we have seen, q = u1 =(u1 + u2 ) corresponds to
the unique unbeatable strategy. The dynamics of the RD process in this case is as
follows:

The RD process converges to q starting from any initial point x in the interval
0 < x < 1, and not only from points su¢ ciently close to q . Consequently, q is
GESSS.
Case 2: u1 > 0; u2 > 0. The dynamics of the RD process is illustrated in the
following diagram:
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There are two ESS: q = 0 and q = 1, but none of them is GESSS. Convergence
to 1 takes place only for trajectories of the RD process starting from initial states
q < x < 1 and convergence to 0 takes place only for trajectories starting from
0 < x < q (recall that q = u2 =(u1 + u2 )).
Case 3: u1 < 0, u2 > 0. The dynamics of the RD process is shown in the
following diagram:

The ESS q = 0 is globally evolutionary stable since the RD process starting from
every initial state 0 < x < 1 converges to 0.
Case 4: u1 > 0 and u2 < 0. The function f (x) is strictly positive for 0 < x < 1,
and therefore the RD process starting from every point 0 < x < 1 converges to 1.

In all the cases considered, the globally evolutionary stable steady states of the
replicator dynamics process correspond to the unbeatable strategies of the underlying
game!

6

From competition to contest in Cournot duopoly:
Bertrand’s paradox

Contest vs. Competition. A …rm producing a homogeneous good owns two
plants. The plants are run by two managers, modeled as players in the Cournot
21

duopoly game. The goal of the …rm, serving the whole market, is to maximize
pro…ts. To achieve this goal it contemplates an incentive scheme for the managers.
Rather than allocating to them some …xed percentage of pro…ts, the …rm sets up a
contest. A …xed prize/bonus B > 0 is awarded to that manager who succeeds in
getting a higher pro…t than the other. If their pro…ts are equal, they share the award
equally: each gets B=2. A paradoxical outcome of this contest is that of perfect
competition. It turns out to be rational for both players to follow strategies leading
to minimum prices and zero pro…ts, which is disastrous for the pro…t maximizing
…rm.
The model. The vehicle for our analysis is the classical Cournot duopoly game
with a homogeneous good, nonlinear inverse demand and symmetric linear costs.
There are two …rms i = 1; 2 producing quantities qi
0 of a homogeneous good.
Firm i’s pro…t is
i (q1 ; q2 )

= qi P (Q)

cqi [i = 1; 2; Q = q1 + q2 ];

where c > 0 is the marginal cost of production. The function P (Q) speci…es the
market clearing price (inverse demand), depending on the total quantity produced
Q = q1 + q2 . In this game, the players i = 1; 2 have the payo¤ functions i (q1 ; q2 )
and the common strategy set consisting of all non-negative numbers qi . The game is
symmetric: 1 (q1 ; q2 ) = 2 (q2 ; q1 ).
Suppose there exists a strategy q that would guarantee a positive award (B or
B=2) for player 1 irrespective of the strategy of player 2. Such a strategy must satisfy
1 (q

; q)

2 (q

; q)

(29)

for all q 0. Let us call such a strategy unbeatable. It allows player 1 to outperform
the rival (or at least to achieve the same result) in terms of pro…t maximization irrespective of the rival’s strategy. Since the game is symmetric, the sets of unbeatable
strategies for players 1 and 2 coincide.
If a strategy q with property (29) exists, it will be rational for the participants of
the contest to select it. Indeed, q will guarantee a bonus of at least B=2, whatever
the rival undertakes. If some strategy of the …rst player is not unbeatable, then the
second player can act so as to get a strictly higher pro…t than the …rst, in which case
the …rst will get no bonus. Thus those and only those strategies can be viewed as
solutions to the contest game that are unbeatable.
A key result. We introduce the following hypothesis:
(C) There exists Q > 0 such that (i) P (Q) = c, (ii) P (Q) < c for each Q > Q,
and (iii) P (Q) > c for each Q < Q .
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Proposition 6.1. Under condition (C), there exists a unique unbeatable strategy
q = Q=2, and we have
1 (q

; q) >

2 (q

; q) for q 6= q :

(30)

When both players use (the same and unique) unbeatable strategy Q=2, this leads
to the price P (Q) = c and zero pro…ts i (q ; q ) = 0. An outcome of this kind is
characteristic for perfect competition. Typically, perfect competition emerges when
the number of …rms tends to in…nity. In the present model, it takes place with
only two …rms. An analogous phenomenon can be observed in Bertrand’s duopoly
(Bertrand’s paradox).
Clearly condition (C) is satis…ed for the Cournot duopoly with linear inverse
demand
P (Q) = 1 Q; if 0 Q 1;
P (Q) =
P (Q) = 0;
if Q > 1;
and a production cost 0 < c < 1. In this case, Q = 1 c. Thus, by virtue of Theorem
1, q = (1 c)=2 is the unique unbeatable strategy.
Proof of Proposition 6.1. De…ne
f (q ; q) =

1 (q

; q)

2 (q

; q) = (q

q)[P (q + q)

c]:

Let q = Q=2. If q > q , then q + q > Q, and by virtue of (C), P (q + q) c < 0.
Since q
q < 0, we have f (q ; q) > 0. If q < q , then q + q < Q, and according
to (C), P (q + q) c > 0. Together with the inequality q
q > 0, this yields
f (q ; q) > 0. If q = q , then f (q ; q) = 0. Consequently, q = Q=2 is an unbeatable
strategy, and inequality (30) holds.
Let us prove that if q is an unbeatable strategy, then q = Q=2. Suppose
q 6= Q=2 is an unbeatable strategy. Put q = Q=2. If q < Q=2, then q
q < 0 and
q + q < Q, which yields P (q + q) c > 0 and so f (q ; q) < 0. If q > Q=2, then
q
q > 0 and q + q > Q, which yields P (q + q) c < 0 and so f (q ; q) < 0. We
assumed that q 6= Q=2 and arrived at a contradiction.
Oligopoly contest. Consider an analogous contest with N players i = 1; 2; :::; N .
Each of the players i = 1; 2; :::; N selects a strategy qi 0 and gets the payo¤
i (q1 ; :::; qN )

PN

= qi P (Q)

cqi ;

where Q = i=1 qi . If K of them get the highest payo¤, they share the bonus B
equally, so that each gets B=K. A solution to this contest game is an unbeatable
strategy q , for which, by de…nition, the following inequalities hold:
q P (q +

N
X
j=2

qj )

cq

qi P (q +

N
X
j=2
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qj )

cqi ; qi

0; i = 2; :::; N:

(31)

Proposition 6.2. There are no unbeatable strategies in the oligopoly contest with
N > 2 players.
Proof. If q3 = ::: = qN = 0, the inequalities in (31) impose on q the same
conditions as in the game with two players analyzed above. As Proposition 1 shows,
there can be only one strategy satisfying these conditions: q = Q=2. Thus if an
unbeatable strategy in the oligopoly contest exists, it must be q = Q=2. Then, in
view of (31), the following inequality must hold
Q
Q
Q
[P ( + q + q 0 ) c] q[P ( + q + q 0 ) c];
2
2
2
P
where q and q 0 := N
j=3 qj are any non-negative numbers. By setting q = 0 and
0
q = Q, we obtain the inequality
Q
3Q
[P ( )
2
2

c]

0;

which cannot hold by virtue of the assumption (C). The contradiction obtained
proves the proposition.
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From contest to competition in Cournot duopoly:
Transformational recession

Cournot duopoly with di¤erentiated products. Assume that two …rms
produce two di¤erent goods. Firm 1 produces quantity q1 0 of good 1, and …rm 2
produces quantity q2 0 of good 2. The inverse demand functions for the two goods
are
P1 (q1 ; q2 ) = 1 q1 bq2 ; P2 (q1 ; q2 ) = 1 q2 bq1 :
The number b 2 (0; 1] re‡ects the extent to which the …rms’products are substitutes
to each other. The payo¤ functions (pro…ts) are
i (q1 ; q2 )

= qi Pi (q1 ; q2 )

cqi ; i = 1; 2 ;

where 0 < c < 1 is the marginal cost of production. The case b = 1 corresponds to
the case of a homogeneous good.
Nash equilibrium. Let us …nd NE (q1 ; q2 ). The quantity q1 has to maximize
q1 (1

q1

cq1 over q1

bq2 )
24

0.

The …rst order optimality condition
2q1 + 1

c

bq2 = 0

gives q1 = (1 c bq2 )=2. Analogously, for …rm 2, we …nd q2 = (1
Solving the system of equations
q1 = (1

c

bq2 )=2; q2 = (1

c

bq1 )=2;

we obtain that the equilibrium quantities q := q1 = q2 satisfyq = (1
Thus
1 c
q = q1 = q 2 =
:
2+b
The equilibrium pro…ts are as follows:
:=

i (q ; q ) =

bq1 )=2.

c

c

bq )=2:

(1 c)2
:
(2 + b)2

Indeed, we have
i (q

; q ) = (q

c)Pi (q ; q ) = q (1

q

bq

c) =

1 c
1 c
[
(b + 1) + 1 c] =
2+b
2+b
(1 c)2 b + 1
(1 c)2 1
(1 c)2
[
+ 1] =
=
:
2+b
2+b
2+b 2+b
(2 + b)2

q [ q (b + 1) + 1

c] =

Contest. In the contest, each of the players strives to outperform the other
(in terms of the pro…t obtained) in order to win a …xed prize/bonus. The solution
to this contest for each player is an unbeatable strategy, that makes it possible to
always outperform (not necessarily strictly) the rival. If both players achieve the
same results, they share the bonus evenly. By de…nition, an unbeatable strategy
q1 = q of player 1 satis…es
q(1

q

bq2 )

cq

q2 (1

q2

bq)

q2 (1

q2 )

cq2 :

q 2 + q(1

c);

This can be equivalently written
q(1

q)

cq

q(1

q)

cq =

Thus q maximizes
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cq2 :

consequently, the unbeatable strategy of player 1 (and by symmetry, of player 2) in
the contest is
1 c
q=
:
2
The pro…t resulting from the contest, when both players use unbeatable strategies,
is equal to
(1 c)2 (1 b)
:=
:
4
Indeed, we have
= q(1

q
(1

bq
c)2

[1

c) =

1

c
2

b=2

[1

1=2] =

c
(1

2
Remark 7.1. Total equilibrium output
2q =

(b + 1)
c)2 (1
4

(1

b)

c)
2

]=

:

2(1 c)
(2 + b)

is always not greater than the total contest output
2q = 1

c;

when both players employ unbeatable strategies. In the case of a homogeneous good
(b = 1), we have
2(1 c)
2(1 c)
2q =
=
:
(2 + b)
3
Thus, when passing from the contest to competition we observe, paradoxically, a
decline in the production output: a transitional recession. Why paradoxically? Because it is commonly accepted that competition increases e¢ ciency.
Note that the depth of the recession depends on the degree of substitutability, b,
of the goods produced by …rms 1 and 2. It increases when b increases. The maximum
depth of the recession is observed when b = 1, in the case of a homogeneous good.
In this case production falls by 1=3 (see the last two formulas).
Remark 7.2. The equilibrium pro…t
=

(1 c)2
(2 + b)2
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is always not less than the contest pro…t
=

(1

c)2 (1
4

b)

;

when both players use unbeatable strategies. Indeed, the inequality
alent to
(2 + b)2 (1 b) 4:

is equiv-

The last relation is true because the derivative of the function (b) := (2 + b)2 (1
which is equal to
0

(b) = 2(2 + b)(1

b)

(2 + b)2 = 4 + 2b

4b

2b2

4

4b

b2 =

6b

b),

3b2 ;

is negative on [0; 1], and (0) = 4.
It is important to note that the outcome of the contest in the model with a
homogeneous good (i.e. when b = 1), is that of perfect competition: the pro…t is
equal to zero. In this case, in the course of transition from contest to competition,
the pro…t increases from zero to
= (1 c)2 =4. If b < 1, the pro…t increases as
well, but not that drastically.
Remark 7.3. The term "transformational recession" refers to the decline of the
production output observed in the 1990s in most of the post-socialist countries in
the course of passing from planned to decentralized economy (see, e.g., Polterovich
1993, Alexeev and Weber 2013). One of the factors that hypothetically in‡uenced
the recession was an abrupt transition from non-pro…t, contest-type incentives that
played a key role in centralized economies ("socialist competition", see, e.g., Je¤ries
1989, Kornai 1992, Iliµc and Miklóssy 2014) by pro…t maximization in a still essentially
non-market environment. The analysis conducted in this section might be regarded
as a toy model supporting this hypothesis.

8

Dynamic games with alternating moves

This section develops a mathematical framework for dynamic two-player games of
complete information with an alternating order of the players’moves. The framework
comprises many famous and popular mind games such as chess. The main result is
a proof of the (strong) determinacy of games of this kind.
Dynamic games with alternating moves
Game description. There are N + 1 stages of the game: t = 0; 1; :::; N . Sets
A and B of possible actions (moves) of players 1 and 2 are given.
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At stage 0 Player 1 makes a move a0 ; then Player 2, having observed the Player
1’s move a0 , makes a move b0 = y0 (a0 ).
At stage 1 Player 1 makes a move a1 = x1 (a0 ; b0 ) depending on the previous
moves a0 and b0 ; then Player 2 makes a move b1 = y1 (a0 ; b0 ; a1 ), and so on.
At stage t (t N ) Player 1 makes a move at = xt (at 1 ; bt 1 ) depending on the
sequences of his own and rival’s previous moves
at

1

= (a0 ; a1 ; a2 ; :::; at 1 ) and bt

1

= (b0 ; b1 ; b2 ; :::; bt 1 )

up to time t 1, and then Player 2 makes a move yt (at ; bt 1 ) depending on the
sequences of previous moves
at = (a0 ; a1 ; a2 ; :::; at ) and bt

1

= (b0 ; b1 ; b2 ; :::; bt 1 ):

The game continues until the stage N , when the players make their last moves
aN , bN and receive their payo¤s u(h), v(h) depending on the whole history of the
game
h = (aN ; bN ) = (a0 ; a1 ; a2 ; :::; aN ; b0 ; b1 ; b2 ; :::; bN ):
Strategies. A strategy of Player 1 is a sequence
x0 ; x1 (a0 ; b0 ); x2 (a1 ; b1 ); x3 (a2 ; b2 ); :::; xN (aN

1

; bN

where x0 is the initial action of Player 1 and xt (at 1 ; bt 1 ) (1
specifying what move
at = xt (at 1 ; bt 1 )

t

1

)

N ) is a function

should be made at stage t given the history (at 1 ; bt 1 ) of the previous moves of the
players.
To specify a strategy of Player 2 one has to specify a sequence of functions
y0 (a0 ); y1 (a1 ; b0 ); y2 (a2 ; b1 ); :::; yN (aN ; bN

1

)

indicating what move
bt = yt (at ; bt 1 )
should be made at stage t given the history (at ; bt 1 ) of the previous moves of the
players.
We will use the following notation for strategies of players 1 and 2:
= fx0 ; x1 ( ); x2 ( ); :::; xN ( )g and
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= fy0 ( ); y1 ( ); :::; yN ( )g:

Note that for t = 0, x0 is constant and y0 (a0 ) depends on a0 = a0 .
Outcome of the game. Given strategies
= fx0 ; x1 ( ); x2 ( ); :::; xN ( )g and

= fy0 ( ); y1 ( ); y2 ( ); :::; yN ( )g

the players apply them recursively, step by step in the alternating order and make
their moves
at = xt (at 1 ; bt 1 ) and bt = yt (at ; bt 1 )
at each stage t 1. For t = 0, the move of Player 1 is x0 , and the move of Player 2
is y0 (a0 ) = y0 (a0 ).
The outcome of the game h( ; ) resulting from the application of the strategies
and is described by the whole history of play
h( ; ) = (aN ; bN ) = (a0 ; a1 ; a2 ; :::; aN ; b0 ; b1 ; b2 ; :::; bN ):
|
{z
} |
{z
}
aN

bN

Once the outcome h( ; ) of the game corresponding to the strategy pro…le ( ; ) is
known, the players get their payo¤s
U ( ; ) = u(h( ; )) and V ( ; ) = v(h( ; )).
Chess. Chess is an example of a dynamic game with alternating moves. In this
game, possible actions/moves of players 1 and 2 (White and Black) can be identi…ed
with positions on the board. When selecting a move, the player selects a new position.
The payo¤s, depending on the history of play, are de…ned as follows:
Player 1 (White) Player 2 (Black)
White wins 1
0
Black wins 0
1
draw
1/2
1/2
Illegitimate moves (or sequences of moves) lead, by de…nition, to a zero payo¤
for the corresponding player.
Remark. Chess is a …nite-stage game for the following reasons.
There is a …nite number of chess-pieces and a …nite number of squares on the
board, hence there is a …nite number of possible positions.
The game automatically terminates as a draw if the same position occurs at least
three times, with the same player having to go.
29

Therefore there exists (possibly very large) N , before which the game ends.
A central question of interest for games under consideration is how to …nd a
winning, or at least unbeatable, strategy for one of the players.
For chess this problem has not been solved and does not seem to be solvable in
the nearest future.
Existing supercomputers are not powerful enough for this purpose, and moreover,
there are doubts that a su¢ ciently powerful computing equipment can in principle
be developed (in particular, because of the boundedness of the speed of information
processing by the speed of light).
The only known facts regarding chess and other …nite-stage full-information
games with alternating moves are results on the determinacy of such games.
These results say that at least one of the players has a winning (or unbeatable)
strategy, but they do not say which of the players has such a strategy, and they do
not provide an explicit construction of such strategies.
Unbeatable and winning strategies. According to the general de…nition, a
strategy of Player 1 is called unbeatable if
U( ; )
A strategy

V ( ; ) for any strategy

of Player 2.

of Player 2 is termed unbeatable if
V( ; )

U ( ; ) for any strategy

of Player 1.

If the inequalities are strict, then the strategies and are called winning.
The main result regarding the class of dynamic games under consideration is
as follows.
Theorem 8.1. In any …nite-stage two-player game with an alternating order of
moves of the players, either (i) Player 1 has a winning strategy, or (ii) Player 2 has
a winning strategy, or (iii) both have unbeatable strategies.
We emphasize that in this theorem we speak of any …nite-stage two-player game
with alternating moves, with any action sets and any payo¤ functions, so that the
formulation of the result has the maximum level of generality.
Application to chess. As a corollary to Theorem 8.1 we immediately obtain
the following result.
Theorem 8.2 (Zermelo 1913). In chess, either White has a winning strategy, or
Black has a winning strategy, or both have a strategy guaranteeing at least a draw.
Strong determinacy. Recall that a game is called determinate if at least one
of the players has an unbeatable strategy. The game is termed strongly determinate
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if one of the assertions listed in Theorem 8.1 holds. Thus Theorem 8.1 says that
any …nite-stage two-player game of complete information with alternating moves is
strongly determinate.
For a proof of this result see Amir and Evstigneev (2017).

References
Algoet, P. H., Cover, T.M. (1988). Asymptotic optimality and asymptotic equipartition properties of log-optimum investment. Annals of Probability 16, 876–898.
Alexeev, M., Weber, S., eds. (2013). The Oxford Handbook of the Russian Economy,
Oxford University Press.
Amir, R., Evstigneev, I. V. (2017). On Zermelo’s theorem. Journal of Dynamics
and Games 4, 191-194 (with R. Amir).
Amir, R., Evstigneev, I. V., Hens, T., Schenk-Hoppé, K.R. (2005). Market selection
and survival of investment strategies. Journal of Mathematical Economics 41,
105–122.
Amir, R., Evstigneev, I. V., Hens, T., Xu, L. (2011). Evolutionary …nance and
dynamic games. Mathematics and Financial Economics 5, 161-184.
Amir, R., Evstigneev, I. V., Schenk-Hoppé, K. R. (2012). Asset Market Games of
Survival: a Synthesis of Evolutionary and Dynamic Games. Annals of Finance
9, 121-144.
Arkin, V. I., Evstigneev I. V. (1987). Stochastic Models of Control and Economic
Dynamics. London: Academic Press.
Bell, R. M., Cover, T. M. (1980). Competitive optimality of logarithmic investment.
Mathematics of Operations Research 5, 161–166.
Bell, R. M., Cover, T. M. (1988). Game-theoretic optimal portfolios. Management
Science 34, 724–733.
Berlekamp, E. R., Conway, J.H., Guy, R.K. (1982). Winning ways for your mathematical plays, Volumes1 and 2. Academic Press, New York.
Bertsekas, D. P.,Shreve, S.E. (1978). Stochastic Optimal Control: The Discrete
Time Case. New York: Academic Press.
31

Birge, J. R., Louveaux, F. (2011). Introduction to Stochastic Programming. New
York: Springer.
Blume, L., Easley, D. (1992). Evolution and market behavior. Journal of Economic
Theory 58, 9–40.
Blume, L., Easley, D. (2006). If you are so smart, why aren’t you rich? Belief
selection in complete and incomplete markets. Econometrica 74, 929–966.
Blume, L., Easley, D. (2009). Market selection and asset pricing. Handbook of
Financial Markets: Dynamics and Evolution (ed. by Hens, T., Schenk-Hoppé,
K.R.). Amsterdam: North-Holland, Chapter 7, 403–437.
Borch, K. (1966). A utility function derived from a survival game. Management
Science 12, B287–B295.
Borel, E. (1921). La théorie du jeu et les équations intégrales à noyau symétrique,
Comptes Rendus de l’Académie des Sciences 173, 1304-1308. English translation: Borel, E. (1953). The theory of play and integral equations with skew
symmetric kernels. Econometrica 21, 97–100.
Borel, E., Ville, J. (1938). Application de la theorie des probabilities aux jeux de
hasard. Paris: Gauthier-Villars.
Borovkov, A. A. (1998). Mathematical Statistics. Amsterdam: Gordon and Breach.
Boulding, K. E. (1981). Evolutionary Economics. London, U.K.: Sage.
Bouton, C. L. (1901-2). Nim, a game with a complete mathematical theory. Annals
of Mathematics 3, 35–39.
Breiman, L. (1961). Optimal gambling systems for favorable games. Fourth Berkeley Symposium on Mathematical Statistics and Probability, Volume 1: Contributions to the Theory of Statistics (ed. by Neyman, J). Berkeley: University of
California Press, 65–78.
Cabrales, A. (2000). Stochastic replicator dynamics. International Economic Review 41, 451–481.
Comins, H., May, R. M., Hamilton, W. D. (1980). Evolutionarily stable dispersed
strategies, Journal of Theoretical Biology 82, 205-230.

32

Dorfman, R., Samuelson, P. A., Solow, R.M. (1958). Linear Programming and
Economic Analysis. New York: Mc-Graw-Hill.
Dynkin, E. B. (1969). Game variant of a problem on optimal stopping. Soviet
Mathematics Doklady 10, 270–274.
Dynkin, E. B. (1972). Stochastic concave dynamic programming. Mathematics
USSR Sbornik 16 , 501–515.
Dynkin, E. B., Yushkevich, A.A. (1979). Controlled Markov Processes and Their
Applications. New York: Springer.
Dubins, L., Savage, L.M. (1965). How to Gamble if You Must. New York: McGraw-Hill.
Evstigneev, I.V. (2014). Mathematical Behavioural Finance: Applications in the
Financial Industry. UK Research Excellence Framework 2014, Impact Case
Study, University of Manchester.
Evstigneev, I. V., Hens, T., Schenk-Hoppé, K.R. (2002). Market selection of …nancial trading strategies: Global stability. Mathematical Finance 12, 329–339.
Evstigneev, I. V., Hens, T., Schenk-Hoppé, K.R. (2006). Evolutionary stable stock
markets. Economic Theory 27, 449–468.
Evstigneev, I. V., Hens, T., Schenk-Hoppé, K.R. (2008). Globally evolutionarily
stable portfolio rules. Journal of Economic Theory 140, 197–228.
Evstigneev, I. V., Hens, T., Schenk-Hoppé, K.R. (2009). Evolutionary …nance.
Handbook of Financial Markets: Dynamics and Evolution (ed. by Hens, T.,
Schenk-Hoppé, K.R.). Amsterdam: North-Holland, Chapter 9, 507–566.
Foster, D., Young, P. (1990). Stochastic evolutionary game dynamics. Theoretical
Population Biology 38, 219–232.
Fudenberg, D., Harris, C. (1992). Evolutionary dynamics with aggregate shocks.
Journal of Economic Theory 57, 420–441.
Gale, D. (1967). On optimal development in a multi-sector economy. Review of
Economic Studies 34, 1–18.

33

Gale, D., Stewart F.M. (1953). In…nite games with perfect information. Contributions to the Theory of Games II, Annals of Mathematical Studies 28 (ed.
by Kuhn, H. W., A. W. Tucker, A.W.). Princeton, NJ : Princeton University
Press, 245–266.
Germano, F. (2007). Stochastic evolution of rules for playing …nite normal form
games. Theory and Decision 62, 311–333.
Grandmont, J-M., ed. (1988). Temporary Equilibrium. San Diego: Academic Press.
Hakansson, N. H., Ziemba, W.T. (1995). Capital growth theory. Handbooks in
Operations Research and Management Science, Volume 9, Finance (ed. by
Jarrow, R. A., Maksimovic, V., Ziemba, W.T.). Amsterdam: Elsevier, Chapter
3, 65–86.
Hamilton, W. D. (1967). Extraordinary sex ratios. Science 156, 477–488.
Hamilton, W. D., May, R. M. (1977). Dispersal in stable habitats. Nature 9,
578-581.
Hamilton, W. D. (1996). Narrow Roads to Gene Land. New York: Freeman.
Haurie, A., Zaccour, G., Smeers, Y. (1990). Stochastic equilibrium programming
for dynamic oligopolistic markets. Journal of Optimization Theory and Applications 66, 243–253.
Hehenkamp, B., Leininger, W., Possajennikov, A. (2004). Evolutionary equilibrium
in Tullock contests: spite and overdissipation. European Journal of Political
Economy 20, 1045–1057.
Hodgeson, G. M. (1993). Economics and Evolution: Bringing Life Back into Economics. Ann Arbor, MI: University of Michigan Press.
Hofbauer, J., Sigmund, K. (1998). Evolutionary Games and Population Dynamics.
Cambridge, U.K.: Cambridge University Press.
Iliµc, M., Miklóssy, K. (2014). Competition in Socialist Society, Routledge.
Je¤ries, I. (1989). A Guide to the Socialist Economies. Routledge.
Kalmár, L. (1928/29). Zur Theorie der abstrakten Spiele. Acta Scientarium Mathematicarum Szegediensis 4, 65-85.
34

Karni, E., Schmeidler, D. (1986). Self-preservation as a foundation of rational
behavior under risk. Journal of Economic Behavior and Organization 7, 71–
81.
Kelly, J. L. (1956). A new interpretation of information rate. Bell System Technical
Journal 35, 917–926.
Kifer, Yu. (2000). Game options. Finance and Stochastics 4, 443–463.
Kneser, H. (1952). Sur un théorème fondamantal de la théorie des jeux. Comptes
Rendus de L’Académie des Sciences de Paris 234, 2418-2429.
Kojima, F. (2006). Stability and Instability of the Unbeatable Strategy in Dynamic
Processes. International Journal of Economic Theory 2, 41–53.
Kornai J. (1992). Socialist economy, Princeton University Press.
Luce, R. D., Rai¤a, H. (1989). Games and Decisions. New York: Dover (2nd
edition).
MacLean, L. C., Thorp, E. O., Ziemba W.T., eds. (2011). The Kelly Capital Growth
Investment Criterion: Theory and Practice. Singapore: World Scienti…c.
Magill, M., Quinzii, M. (1996). Theory of Incomplete Markets. Cambridge MA:
MIT Press.
Maitra, A. P., Sudderth, W.D. (1996). Discrete Gambling and Stochastic Games.
New York: Springer.
Martin, D.A. (1975). Borel determinacy. Annals of Mathematics 102, 363-371.
Maynard Smith, J. (1982). Evolution and the Theory of Games. Cambridge, U.K.:
Cambridge University Press.
Maynard Smith, J., Price, G. (1973). The logic of animal con‡icts. Nature 246,
15–18.
McKenzie, L. W. (1986). Optimal economic growth, turnpike theorems and comparative dynamics. Handbook of Mathematical Economics III (ed. by Arrow,
K. J., Intrilligator, M.D.). Amsterdam: North-Holland, 1281–1355.
Milnor, J., Shapley, L.S. (1957). On games of survival. Contributions to the Theory
of Games III, Annals of Mathematical Studies 39 (ed. by Dresher, M., Tucker,
A. W., Wolfe, P.). Princeton, NJ: Princeton University Press, 15–45.
35

Myerson, R. B. (1991). Game Theory: Analysis of Con‡ict. Cambridge, MA:
Harvard University Press.
Nash, J. F. (1950). Equilibrium points in N-person games. Proceedings of National
Academy of Science of USA 36, 48–49.
Nelson, R. R., Winter, S.G. (1982). An Evolutionary Theory of Economic Change.
Harvard, MA: Harvard University Press.
Neveu, J. (1965). Mathematical Foundations of the Calculus of Probability Theory.
San Francisco: Holden Day.
Neyman, A., Sorin, S. eds. (2003). Stochastic Games and Applications, NATO ASI
series, Dordrecht, Kluwer Academic Publishers.
Nikaido, H. (1968). Convex Structures and Economic Theory. New York: Academic
Press.
Polterovich, V.M. (1993). Rationing, queues and black markets. Econometrica 61,
1-28.
Rockafellar, R. T., Wets, R. (1976). Stochastic convex programming: Basic duality.
Paci…c Journal of Mathematics 62, 173–195.
Saks, S. (1964). The Theory of Integral. New York: Dover.
Samuelson, L. (1997). Evolutionary Games and Equilibrium Selection. Cambridge,
MA: MIT Press.
Sandholm, W. H. (2010). Population Games and Evolutionary Dynamics. Cambridge, MA: MIT Press.
Sandroni, A. (2000). Do markets favor agents able to make accurate predictions?
Econometrica 68, 1303–1341.
Scha¤er, M. (1988). Evolutionarily stable strategies for a …nite population and a
variable contest size. Journal of Theoretical Biology 132, 469–478.
Scha¤er, M. (1989). Are pro…t-maximizers the best survivors? Journal of Economic
Behavior and Organization 12, 29–45.
Schumpeter, J. A. (1911).
Duncker & Humblot.

Theorie der wirtschaftlichen Entwicklung.

36

Leipzig:

Schwalbe, U., Walker, P. (2001). Zermelo and the early history of game theory.
Games and Economic Behavior 34, 123–137.
Sciubba, E. (2005). Asymmetric information and survival in …nancial markets.
Economic Theory 25, 353–379.
Secchi, P., Sudderth, W.D. (2001). Stay-in-a-set games. International Journal of
Game Theory 30, 479–490.
Shapley, L. S. (1953). Stochastic games. Proceedings of the National Academy of
Sciences of the USA 39, 1095–1100.
Shapley, L. S., Shubik, M. (1977). Trade using one commodity as a means of
payment. Journal of Political Economy 85, 937–968.
Shiller, R. J. (2003). From e¢ cient markets theory to behavioral …nance. Journal
of Economic Perspectives 17, 83–104.
Shleifer, A. (2000). Ine¢ cient Markets: An Introduction to Behavioral Finance.
Oxford, U.K.: Oxford University Press.
Shubik, M., Thompson, G. (1959). Games of economic survival. Naval Research
Logistics Quarterly 6, 111–123.
Shubik, M., Whitt, W. (1973). Fiat money in an economy with one durable good
and no credit. Topics in Di¤erential Games (ed. by Blaquiere, A). Amsterdam:
North-Holland, 401–448.
Sigmund, K. (2001). William D. Hamilton’s Work in Evolutionary Game Theory.
Theoretical Population Biology 59, 3-6.
Telgársky R. (1987). Topological Games: On the 50th Anniversary of the BanachMazur Game. Rocky Mountain Journal of Mathemtics 17, 227-276.
Thaler, R. H., ed. (2005). Advances in Behavioral Finance II. Princeton, NJ: Princeton University Press.
Thorp, E. O. (2006). The Kelly criterion in Blackjack sports betting and the
stock market. Handbook of Asset and Liability Management, Volume 1 (ed.
by Zenios, S. A., and Ziemba, W.T.). Amsterdam: Elsevier, 387-428.
Tversky, A., Kahneman, D. (1991). Loss aversion in riskless choice: A referencedependent model. Quarterly Journal of Economics 106, 1039–1061.
37

Vega-Redondo, F. (1996). Evolution, Games, and Economic Behavior. Oxford,
U.K.: Oxford University Press.
Vieille, N. (2000a). Two-player stochastic games I: A reduction. Israel Journal of
Mathematics 119, 55–91.
Vieille, N. (2000b). Two-player stochastic games II: The case of recursive games.
Israel Journal of Mathematics 119, 93–126.
Vieille, N. (2000c). Small perturbations and stochastic games. Israel Journal of
Mathematics 119, 127–142.
Von Neumann, J. (1928). Zur Theorie der Gesellschaftsspiele. Mathematische Annalen 100, 295–320.
Wallace, S. W., Ziemba, W.T., eds. (2005). Applications of Stochastic Programming. Philadelphia: SIAM - Mathematical Programming Society Series on
Optimization.
Weibull, J. (1995). Evolutionary Game Theory. Cambridge, MA: MIT Press.
Zermelo, E. (1913). Über eine Anwendung der Mengenlehre auf die Theorie des
Schachspiels. Proceedings of the Fifth International Congress of Mathematicians 2 (ed. by Hobson, E. W., Love, A.E.H). Cambridge, MA: Cambridge
University Press, 501–504.

38

