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1, Introduction

1. The multistage problems of concave stochastie programming
are studied in the paper. The aim of this work is to prove the exis-
tence of Lagrange multipliers associated with the information const-
raints and with the phase constraints.

Studies along similar lines have been pursued by Rockafellar [14]
and Rockafellar and VWets [15-18] . We consider a more general situa-
tion and give other, more straightforward proofs., Closely related re-
sults concerning Lagrange multipliers for the phase constraints have

been obtained in [7] and [8] ,Th.4., see also [1, 5, 6, 12] .

2. The theory of stochastic optimization has various applicatiors
in technology, economics and other areas where mathematics is applied.
This explains the great flow of publications devoted to this topic. 4
systematic investigation of the stochastic programming problems has
been carried out in the Soviet Unlon by Yudin [20]. However, until re-
cently, there have not been any general theorems on the existence of
the stochastic Lagrange multipliers, Rockafellar and ets were the
first to obtain general results of this kind.

There is a close relation between stochastic programming and the

theory of stochastic economic models, In the latter, an important role

i

is played by the concept of stimulating prices [5 e s 8] « These pri- /!

ces are nothing else than Lagrange multipliers corresponding to the
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Thus, for each t and for each randon situation w s, We have to choo-
phase constraints. Most of the results concerning prices obtained by

88 a vector xt(w) so that the constraints (2) end (3) will be satis-
Dynkin [5 ’ 6] and by the author [8] can be easily derived from those

fied and the sequence {xl,...,xN} will maximize the functional f .
of the present paper.

) } The requirement (3) means that the choice of xt(w) depends only on
4 very ilmportant novelty proposed by Rockafellar and ets is the

{. the knowledge of the events prior to t (the "information constraint").
idea of removing the information constraints, The corresponding Lagren-

ge multipliers can be treated as "prices of information" or "insurance 2. Assume that the following conditions (4), (B) are fulfilled,

prices" (the latter interpretation has been suggested by Dynkin). (A) For each t, the set At(w) is convex, closed, uniformly boun-

Finally, it should be emphasized that specific methods have been ded and depends ft—measurably on B M e Taat meags: thatil fon
i ing. W

developed in the theory of stochastic programming e can mention here each point B a i the Alntance’ betwess il ot and ilt(w) e gt_
the beautiful applications of the Yosida-Hewitt theorem on the decom=- nessurEhlal finottan or B

position of the space L%, see [1 L7 g W] 2 S 14-18} . (Apparent-

e denot V) the B 5- ¥
ly, Dubowitskii and Miliutin [4] were the first to apply this theorem : note by P (¥4 glune (Hovel elgebra on V apd write a

i
to extremal problems). Estend ol (al""'at)'

2. The results (B) The functionms st(w.at) sre measursble with respect to F  x

X X X
1, Let (R,F, P) be a probability space and ?1; ‘g:ZE A 3(Vl) P 'B(Vt). For every t and @ , the function

t . i
& Fy sub- 6-algebras of F (the 6 -algebra F ; can beregarded as St({*’!a ) is continuous and concave with respect to BE

the collection of the events prior to the moment +t). For each t = a(w) x ... x At(“’)- There exists a number ¢ such that

1st(w.a“>[g c forallw, t, a’,

= 1,2,404,0 and W , let At(w) be a subset of an mt—dimensional
aritbhmetical space V. eand let gt(w,al,aa,...,at) (aié vi) beia We shall comstruct functions pt(w) and qt(u}) removing the
function with values in an nt—d:.mens:.onal erithmetical space W, . Let constraints (2) and (3) in the extremel problem (I),i.e. Dosseaing Ll
o { W)k (W), ... W)} be-
a sequence of ¥ -measursble functions {xl( ),sza( ), ,xN( )} e propertiest(e) (ol 1iste beloe!

long +to the:- class X iff
(a) pt(w) is a non-negative, ft-measurable, integrable function

with values in Wt'

(1) xt(w)eAt(w) (E L e e 1)
almost everywhere (a.e.), Suppose that a real-valued functionel £ is
(b) qt(w) is an :F-measurable, integrable function with values

defined on the set X, The following extremal problem will be studied, el i
A n

t*

(1) Maximize f(x) among all sequences of functions X = {xl,

. i (¢) For all x = {Xt} & X and each solution X of the problem (I)
xg,...,xN} & X satisfying the conditions:

‘ N N
(@) @ (@)@ k(9D 20 aie. (5= 1) @ 100 + 2 Erg ety Z Bey [x - Bl F L) £ 23,

(3) xt(w) is F t—measurable (5 =dysnusN).
The symbol E denotes the expectation; 3(- | Ft) is the conditional
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expectation with respect to the 6-algebra F t* Throughout the paper
the argument @ will be often omitted for the sake of brevity, e.g.
we write Eptgt(xt) instead of Bp (w)g.( w.xt(w))-

Observe that the constraint (3) can be rewritten in the form
xg - E(x | F t) =0, t=1,,..,N., Thus, the left-hand side of (4)
(denote 1t by 1(x)) is the Lagrangian of the problem (I) and the
functions pt and 9 are the Lagrange multipliers corresponding to
the constraints (2) and (3). If Py and q. are known, then in order
to find all the solutions of the problem (I) it is sufficient to find
all the sequences x maximizing 1(x) on X and then to choose among
them those satisfying the conditions (2) and (3),

The interpretation of Lagrange multipliers as optimal prices is
well known. In our problem, where there are comstraints of two diffe-
rent kinds, Py can be treated as "prices on resources" and q; as
"prices on informetion".

Let us consider in details the interpretation of Qg Assume that
by maximizing £ under the constraints (1) - (3) (without a full know-
ledge of the future) we find that the program X is optimal. Now let
us drop the constraints (3) and solve the analogous problem with a
full knowledge of the future. For this problem, the program X , cer-
tainly, may be not the best one, However, if we subtract the quantity
Es from f , where s = 2o (B(x,|F §) - %), then in view of (4)
X will be again optimal. Thus, figuratively speaking, the payment &
can compensate in the mean the lack of information. (Cf. [14-18] e

3. We now formulate the assumptions under which the existence of
Py and Gy is proved. The set of sequences {xt} € X satisfying the
constraints (3) will be denoted by H.

(c) The functional f 1is concave on X and continuous on X with

respect to the convergence almost everywhere.

(D) There exists {it} €H and a vector X > O (independent of w )

(E)

(F)
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at 5 "
for which gt(x )2 X (¢t =1,...,l). (The Slater condition for
the constraints(2)).

There exists a sequence {:%t} € H and a positive real number ©
such that, for any t and W , the set At( @) contains a ball
of the radius © and with the centre at ﬁt(w). (The Slater con-
dition for the constraints (3)),

For each {xt} € H and m, there exists {'i't} € H such that
Xy =X, for tf4m and gm(';:m) 2 0 a.e. (It is possible to
alter the sequence {xt} at any given moment m so that the cons-

traint (2) will be satisfied a.e. for t = m.)

Theorem 1. If conditions (4) - (F) are satisfied, then the maxi-

mum in the problem (I) is attained and there exist functions which re-

move the constraints (2) and (3).

4. e shall now consider the special case when f is an integ-

ral functional, Let u(@W,a) be a function of W €R and a S A(W)

=A(w)x .. X Ap( @) such that:

(c1)

(c2)

(c3)

The function

u( w,a) a ei(w
ey { ’ ’ ( )'
(== ’ a ¢ A( w),
is measurable with respect to (w,a).
u(w,a) is concave and upper semi-continuous in a € A(w).

There is an integrable function d(w) such that [u(w,a)’é
d(W) for a € 4(W) ang w € XV e

Let us define the functional f by the formula f(x) =

= Eu(w %y (@ ),....xN(w )). Then the condition (C) is satisfied and

the Lagrangian of the problem (I) can be represented in the form

Ev(w,x(w)), where

N
v(®,a) = u(w,a) + El [py@lg(w,a®) + (g (w) - Tp@)a,] ,
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ﬁt = E(qtl ?t). Thus, if p, and qy remove the constraints (2)
and (3), then

(5) max Ev(w ,x(w)) = Bv(w ,%x(w)),
xe X

for each solution X of the problem (I).
Proposition 1. Condition (5) is equivalant to the following one:

(5" max v(w,a) = v(w ,X(w)) a.e.
ae ilw)

(The optimality "in the mean" is ecuivalent to the optimality "almost
everywhere").

It follows from (5') that
(5" u(w,a) + T (g (w) - T(wha, < ulw,%(wW)) +

T (ag(w) - GLANTL(W ),

a.e. provided ae A(w), gt(w,at) =0 (t= 1y ansl)s

An elegant interpretation of the functions qt(w) as "insu-
rance prices" has been suggested by E.B. Dynkin (a lecture in CEMI,
February 1975). Let us imagine that at the moment +t we pay ean
amount of money 'ci;xt (the fee) and at the last moment N we get
QX (the premium). The relation Et = E(qt ]?t) reflects the natu-
ral fact that the expected value of the premium price is equal to the
fee price (we neglect here the interest). The inequality (5") shows
that if we use the insurance system and thus pay off the difference
between the fees and premiums, then the program X becomes optimal
at each moment t and in each random situation w . In other words,
following the program X we shall never be disappointed of our deci-
sions in the past. In this sense, the prices introduced protect us a-
gainst the uncertainty of the future.

The next Section contains some facts from functional enalysis;
Section 4 1s devoted to the proofs of the results.

¢
b

40

3 Lemmas from functional enalysis

1, Let Dl and D2 be Banach spaceg, X a convex subset in Dl'
f a concave lower-bounded functional defined on X and h: Dl — D2
a continuous linear mapping. Assume that f(x) attains its maximum

on the set {x i xe X, h(x) = 0} at some point X.

(FAl) If {x t h(x) = 0} contains a point % belonging to the in-

terior Int X of the set X and h maps D, onto a closed

H

subspace DBC DZ’ then there exists a functional S’e D2

(Dz* being the dual of D,) such that
£(x) + ¢ (=) =£(®), eX) .
(An infinite-dimensional version of the Kuhn-Tucker theorem

for the constraints of equality type).

Proof. Let U be an open subset of X such that % & U, Since
h maps Dl onto DB’ then by the Cpen ilapping theorem (see,e.g.[}],
I1.2.1), h(U) is open in Dy. Thus the set 4 = { (r,y) : r =£(x),
¥y = h(x), xe—X}- contains the open set 4' = {(r,y) i r<c, yeh(U)}
< ’Y x D3 » Where ¢ is a constant such that f£(x)=Zc¢ for xeX.
Consider the set B = {(r,y) str> (X)), 5 = O} .Since Int A ¢
and AN B=g ,'the sets A and B can be separated, i.e. there is
& non-zero linear functional A = (Al,lz) on RYx D5 such that
A(a) < A(b) for ae A, be B (see,ea.g. [ZJ, V.%3.8). Now we have
llr(x) + lzh(x) = llf(i)(xeX). Hence, if A, = 0, then A (7)) 0
for y & h(U), where h(U) 4is open and contains O. Thus 12 = 0 in
contrary to the fact that Xy, lz) 4 o. :
Since A , # O we can define a functional ?l = A, /Xy In
view of the Hahn-Banach theorem ( [3] ,II.3,11,) there exists a li-

'
near functional SJE D; such that S’-:? on DB' The functional?
has the desired property.

2. Suppose now that the space D2 is partially ordered. Name-
ly, a convex cone K2C' D2 is fixed and, by the definition, y= x
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7-xEEK,, Let g : X"“%D2 be a concave mepping. (The concavi-
of = mapping is defined exactly in the same way as the concavity

z reel-valued function).

£2) Assume that the maximum of f on {x tx g%, gx) = 0} is
attained at some ¥ and there is X with s(?:) € Int K,.
Then one can find a functional I € D; with properties:
T2 0 (ise,, M(x) = 0 for x>=0) and £(x) + I (g(x))
<ty oY,

'hisg is an infinite-dimensional version of the Kuhn-Tucker theo-
= for concave constraints of inequality type. A proof cam be found,
£ystin [2]2

3, We shall now formulate some results concerning the Banach
eces L) end Loo . The space L; = Ly( F,V) consists of integ-
tle F -measurable vector-functions with values in V and Loo =
boo ( F,7) 1is the space of essentially bounded F-measurable
csor-functions with values in V., The norms of L, eand Leewill

ienoted, respectively, by || ¢ “l and ||+ lloe.

Az} (Komlod [lO]). Let Xy1Xnseee be a sequence of elements of
Ll' If sup I x:L i 14"" , then there exists a sequence of
integers. oy < m, < ees 8pd X eLl such that

X + X + e + X
By > Ty ~

/ k

N

"
=

Let Q be a convex bounded subset of LJ. end f a concave
functional on &. If Q 4is closed and f is upper semi-con-
tinuous with respect to the convergence almost everywhere,

then f atbtains its meximum on Q.

Zroof. Consider a sequence x, € Q such that f(xm)"—>'z‘ -

w

i {£(x)3 x €Q} . By (FA3), for some {m} and x €Q, we have

[ assaua
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xm + 40 + X
1
f(x) =2 1im £ ( mk) 2 lim -l]-; (f(xml) 5 +f(xmk)).—. 7

x
Thus, f(x) = F sdlie., x maximizes f on .
4. A functional T€ 1%, is called sbsolutely contimuous if it

C&n be represented in the form T (x) = Ex x

with X, € Li. s func-
tional Je L ¥

is celled singular if there is & sequence of.sets
"1 [2see. such that

(7) T (x) = JT()(rk ) BLC Y e x) end S P(LT) —> b

. - . ud
(FAS5) (Yosida,Hewitt [19:]). Zvery functional T e 1% can be uni-
duely decomposed into the sum T =T & + 7% where T 2 is

absolutely continuous and T S is singular., If I > 0, then
T8> 0 eana TSz o.

(FAB) Let JI be a singular functional on L., = L (F,V) and
Yo sub- 6-algebra of F , There exist sets | x DPossesing
the properties (7) and, in addition, the following property:

(8) LT 200 haeR) | > o

Wi T O St
Proof. Let Ak be any sequence of sets with the property (7).,

i .
€ may assume without loss of generality that F( A K = k"2, Consider

the sets Ak' ={ w o #(A kl LAy é } end rk =A ch A!k'

simce [ 2 Ak we have UT()(Pk x) = I (x). Further, ¥( r'k)‘% 0
because

BOTP ER(A )+ (A" 5 %724 k7L,
finally, (8) follows from the relations:
DXE X% N £ IxER X RECX AL * g 19 0] am
= it - 5 1
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(The equality in the above formula is valid since E()(,Alk ]“j) -

-%GL.)

5, Let ($ ,F, P) be a probability spasce, 4(w) & compact
subset of & finite-dimensional space and u(w,a) (we R ,&a €A(w))

a real function.

(FA7) If 4(w ) and u(w,a) heve the properties (Cl)-(C3), then

there exists an ¥ -measurable function X(w) such that

u(w,X(w)) = max u(w,a) a,e.
a e Alw)

(FA8) Let “Ybe a sub- 6-algebra of F and x(w) an F-neasu-
rable integrable function. issume that A(w) depends gy ®
measurably on 4 and is convex for each @ ., If x(w) € A(w)

a,e., then E(x(w)l% ) E_A(CU) B.8,

The propositicn (FA7) follows easily, e.g., from [9],Lemma 2l
(F4B) can be easily derived from the results of [13] (4 fect close to
(FA8) is slso proved in [8],9.1.).

4. Proofs of the results

1. Proof of Theorem 1. Let us first prove that the meximum is
attained., Denote by Q the set of all sequences X = (xl,....xN)e
L, ( ?,le «es %Vy) such that x = x' a.e. for some x' € X sa-
tisfying the constraints (2) end (3). Obviously, @ 1s convex and clo-
sed with respect tc the convergence almost everywhere, Hence, Dby (Fa4),
there exists an x € Q which maximizes f on Q. By the definition
of &, there is a sequence X which coincides with x a,e. and sa-

tisfies the constraints (1) - (3). This sequence X is a solution of
the problem (I).

2. The proof of the existence of Pt and ay will be divided

into 4 parts.

i1st step. We first construct non-negative functionmals Ty e

G[_L,_, (F *;.W,G)]-»6 with the property
N
(9) )+ 2, Me,xH &:®  (xemd.

Let us regard X = { }E H as an element of the space Dy =
-u_(?'yﬁ)x...xLM(Ef,%p,md dx)=(ﬁbthn.£MX))
as a mapping of Dy into the space D, = T s ?l,wl)x... )ﬂL,a(S"N,WH)
ordered in the canonical way. In view of the assumption (D), the pro-
position (PA2) can be applied to the i‘umctional f, the set H and
the mapping g: H ot D2. According to this proposition, there exists
8 non-negative functiopnal JT = (T yeees JTN) € Da"E satisfying the
condition (9).

2nd step. We shall now prove that if the functionels jrt have
the property (9), then their absolutely continuous components Jr%

(see (FA5)) have the seme property.
Coneider the inequality

(10) £Gx) + T %g(x) + z T3, (%) £:® (<.

where N & = (T i,..., 'Jr%). By virtue of (9), this inequality is
valid for m = N (and all x € H). We have to verify it for m = 0.
Tt is sufficient to prove the following fact. If ipequality (10) is
true for some m > 1, then it is true for m - 1.

Fix ap n and & seguence X = {xt} € H. By the condition (%),

there exists an F m—maasurable function Em(cu) such that
sm(xl.....xm_l,i’m) zZ 0, ¥(x) €4 (@) a.e

Using this function, we construct for each k = 1,2,... 2 sequence
X : k (k) o~ i

xE) . {xg )] with x% 1§S x, (t4m),x = X . +7(r,kxm '

where r‘k are the sets corresponding to the singular functionals

_f)'T:. 7e have xX) € H and thus
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£y o Tee®y) ’:é TMoe e + T ey eysee kX s )

+ T :(gm(xl“"’xm—l’gm)xrk) < £(x) .

The last term of the left-hand side of this inequality is non-negative

by the definition of ¥ and the term Jr;(gm(xl,...,xm))(.r,- )
Xk

is equal to O by the definition of the sets ["*k. Hence these terms
can be omitted and the resulting inequality will be true. Passing now
to the limit as k —> oo and using (C) we obtain (10) with = reple-
ced by m-1l.

Let Py &= Ll( F t,‘W{:) be the functions corresponding to the func-
tionals _‘)'Ti. It has been just established that

(1) £(x) + Z Bpg (x") £ £(R) (x€H).
e shall now construct 9. € Loe ( F ’Vt> (t = 1,2,...,0) such that
(12) £'x) + = Eqy(x, - E(xt] ?t)) $e'(® (xex),

where f](x) is the expression at the left-hand side of (11). Theo-
rem 1 will then follow immediately, since (1l) and (12) imply (¢).

34 step. For any rendom variable § , let us write I & instead
of E(E| F ;) and demote £ - B _E by ht(E). Our eim now is to
find a continuous linear functiomal e = (? 19000 [ N) on the space
D=1 (F,vl) X oie XL oo (F,Vy)  such that
(13) £'0) + S ghlx) &' (x SX).

Observe that the constraints (3) can be rewritten in the form
h(x) = O, where h(x) = {hl(xl),...,hN(xN)_} . The linear operator
h : D—>D 1is continuous and maps D onto its closed subspace
{(xl,...,xN) s Etxt =0, t = 1.2,...,N} . Furthermore, {x : h(x) = O}n
N Int X # ¢ by virtue of the condition (E), Thus, according to (Fil),
there exists a functional P with the property (13).

lww T i 9 - e A A
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4th step, Let us verify that (13) remains valid if we replace
o by ? :‘ . This will complete the proof of Theorem 1.
Mx t =m, x €EX and s seqguence of sets [ which is "char-
ged" by the functional P: and has the additionalf property (8).
Using [ ¢ Ve define for each k the sequence x[k-l ={x£k]}

a  xfloe cpm g N e X

This sequence belongs to the class X, since E x eAm( W) z.e. (see
(F48)). Thus, by (13),

a0y t%m P (o (xy)) + 02 Dy 4 P2n e[¥ly) & £

and we need only to show that

T ?;(hm(xn[.k])) ~—>0 as k —>e ,

k =
This, in turn, will be proved if we establish %hat [V " i 81

where = -~ h (x [k]). Indeed, 9 S is continuous with respect
k" XT gom m ‘
to |l llqemd o = @3CY,) by the definition of I ,.

It follows from (14) that, for W Grk .

o D] RV Tie | BRI o N
\‘/ x = Xm - umxm = ._:me = um(x [—‘ xm) - bm(Xmme- ]—v ).
k k
The lest expression can be rewritten in the form

By F Ba(K ) - Bl X B X )

and we have [|V ¥ lpe —=0 by virtue of (8).

The proof of Theorem 1 is complete.

%, Proof of iroposition 1, It is evident that (5') implies (5).

Let us verify the converse. By (Fi7), there exists a measurzble func-

tion X(W) such that max v(w,a) = v(w,X(w)) a.e. Then
a € A(w)

we have v(w,xw)) £ v(w,¥(w)) =a.e. On the other hand,

Sv(w,x(w)) & sv(w,¥(®W)) in view of (5). Thus, v(w,x(w)) =
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