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MEASURABLE SELECTION AND DYNAMIC 
PROGRAMMING* 
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A general multistage problem of stochastic optimization is studied. It is proved under some 
simple assumptions that the extremum in the problem is attained. The "Bellman functions" 
are constructed and a criterion of optimality in terms of these functions is given. The main 
tools used are measurable selection theorems. The paper generalizes the previous work of R. 
T. Rockafellar and R. J.-B. Wets devoted to the convex case. 

1.1. Let (, , P) be a probability space with fixed a-algebras l1 C ~2 c * * 

c $n c ;, X a Polish (i.e., complete separable metric) space and p(xl, .. ., xn, o) a 
function on X" x Q taking values from (-oo, + oo]. The following extremal problem 
is considered. 

(I) Minimize 

=(() = Ep(,(o1), ... , n(w), w) 

among all sequences of functions ( = (lp ..., } such that , is j,-measurable 
(t= 1, 2,..., n). 

We prove under simple assumptions that the minimum in problem (I) is attained 
and find necessary and sufficient conditions for the minimum to be attained at a 
given 5. This makes it possible to solve problem (I) by the method of dynamic 
programming. 

Various problems of stochastic control (see, e.g., [10]) may be reduced to (I). In 
particular, the results on dynamic programming due to E. B. Dynkin [2] can be 
derived from those of the present paper. We also generalize Rockafellar and Wets' 
results concerning the convex case. (See, e.g., [8].) 

The main tools used are the measurable selection theorems, i.e., facts of the 
following type. If r(w) is a set depending measurably (in a proper sense) on a 
parameter o, then, for each o, a point y(w) can be selected in the set r(w) so that the 
function y(.) will be measurable. 

1.2. Bundles of functions = {1, ..., ,n} such that rt is at-measurable will be 
called programs. Programs minimizing 1 we shall call optimal programs. The symbol 
3x will denote the Borel o-algebra on X and the notation xt will be used for 

(Xl, . . , X). 
Let Z be a Polish space and (M a sub-a-algebra of W. We say that a function 9p(z, o) 

belongs to the class S3(Z, () if it possesses the properties: 
(i) qp(z, w) is 9z x 0-measurable; 

(ii) p(z, wo) q(w), where ElqI < oo; 
(iii) for each real c and w E 2 the set (z : qp(z, w) < c} is compact. 
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We also include Tp in 3(Z, () if qp is indistinguishable' from some function 

possessing the properties (i)-(iii). The class of functions indistinguishable from those 

satisfying the conditions (i), (ii) will be denoted by S(Z, (). 

ASSUMPTIONS. It will be assumed that: (A) the given function cp(x', w) belongs to 
B(X", 5) and (B) there exists a program 5* such that 4()*) < oo. 

The following simple fact plays an important role in the paper. Given (5 c and 
qp E B(Z, j), there exists 41 E l(Z, ?() such that 

E(qp(a(), c) | I) = ,o(a(o), w) 

for each (5-measurable mapping a : --> Z (see [3]). The function 4 is unique up to 
indistinguishability and is called the regular conditional expectation of q relative to (M 
(in symbols, 4 = Er(qp | 1)). To explain this definition, assume for a minute that there 
exists a conditional distribution p(o, F) relative to i. (This assumption is not 
necessary for us.)2 Then 

Er((p I ) = p(w, d')<p(z, w'). 

Given problem (I), we construct inductively (step by step from t to t- 1) two 
sequences of "Bellman functions" { ,, . . . , n+ ) and ( , . . . , }n putting Pn+ 

(p,(x', o)= Er(l,+,(x', ) I t), (1) 

4,,(x-, l) = inf ,(xt'-l, x, ). (2) 

It is proved with the help of some results concerning regular conditional expecta- 
tions that p and 4,t are well defined and t, E 3(X', t,), , E 3(X'-', t,) (see 
Theorem 5). 

The main results are: 

THEOREM 1. A program {t,} is optimal if and only if 

q ) (Wt) = / (t--1) (3) 
a.s. for t = 1,..., n. 

THEOREM 2. There exists an I,-measurable function ,I(w) such that <p(1l) = , a.s. 
For arbitrary functions 1, ... ,jt- ( i is ji-measurable), one can find an gt- 
measurable function t, so that equation (3) will be satisfied a.s. 

Theorems 1 and 2 imply that an optimal program exists and show that it can be 
constructed in the following way. First compute step by step the functions q,p and ,,. 
Then define ,1(w) as an Sl-measurable function such that l,(c) minimizes qp,(xl, w) 
for almost all w, (2(w) as an i2-measurable function minimizing p2(,(0)o, x2, ) a.s., 
and so on. According to Theorem 2, the functions 4t(w) (t = 1, .. ., n) exist, and by 
Theorem 1 the program (},) is optimal. The outlined method of constructing ({,) is 
usually called dynamic programming. 

I According to the common probabilistic terminology, qp(x, w) is indistinguishable from q0'(x, o) if for 
almost all w the equality ?p(x, wo)= p'(x, w) is valid for all x. "For almost all w" or "almost surely (a.s.)" 
means "on the complement of an S-measurable set of probability 0." 

2 The conditional distribution is a probability measure with respect to r E a for each fixed w and a 
p-measurable function of w such that P(r I O) = p(w, F) a.s. for each r E a. 
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2.1. This section contains some facts concerning measurable multivalued map- 
pings. We shall prove here a measurable selection lemma (Lemma 3) which will be 
used in an essential way. 

Let (Q, j) be a measurable space and let X be a Polish space. Suppose that a closed 
set A (C) C X is assigned to every o E Q. We shall say that the multivalued mapping 
w -> A (o) is measurable if the distance p(x, A (o)) is measurable with respect to o for 
each x. (If A = 0, we put p(x, A)= + oo.)3 A function a : Q2 X will be called a 
selector of A(*) if a(o) E A(co) for Co E Q, = {o: A(o) + 0). We shall say that 
a1(-'), a2(), ... approximate A(-) if A (c) = cl U i {ai(o))4 for every Xo E 2A . 

THEOREM 3. (CASTAING [I], ROCKAFELLAR [6], [7]). The mapping A () is measurable 

if and only if the following two conditions are satisfied: (a) 21A E j and (b) there exists a 
countable family of measurable selectors approximating A (). 

2.2. Given a o-algebra ;, we denote by g the intersection of all completions of S 
with respect to all finite measures. 

THEOREM 4. (a) If A () is measurable, then the set G = ((x, w) : x E A (w)} (the 
graph of A()) belongs to 3x X A. (b) If G E Ox X ;, then A(.) is :-measurable.5 (See 
[6], [7].) 

PROOF. (a) This is true, since G = {(x, ) : p(x, A(co))= 0), where the function 
p(x, A (w)) is jointly measurable in (x, o). (It is continuous in x and measurable in c.) 

(b) We have to verify that {w : p(x, A(o)) < c} E 5 for each c. This is a con- 
sequence of the following fact. (See, e.g., [5, III, 1.9, III, 2.24].) If X is a Polish space 
and (0, 5) an arbitrary measurable space, then projIr E g for each r E Tx X . 

23. The next lemma follows easily from the definition of a measurable multi- 
valued mapping. 

LEMMA 1. If A,1(), A2(), ... are measurable then wo-cl U i A,i() is measurable. 

LEMMA 2. If A () and B(.) are measurable and A (co) is compact for each Xo then 
o -> A (o) n B(w) is measurable. 

PROOF.6 Let { i,(.)} be a sequence of selectors approximating B(-). Put Am 
= { : p(x, A) < m-1}. Then p(x, Am n B) = infi p(x, Am n { (,) for o E 4B. Hence, 
the function p(x, Am(W) n B(w)) is S-measurable with respect to o, and it remains 
only to verify that p(x, Am n B)->p(x, A n B). But this follows easily from the 
compactness of A. 

Let Z be a Polish space, (0, O) a measurable space and f(z, co) a function with 
values in (- oo, + oo]. We include f in the class V(Z, j) if it is 9z x a-measurable 
and for each c < oo and o E Q2 the set {z : f(z, o) < c) is compact. 

LEMMA 3. If X, Y are Polish spaces and f E V(X X Y, 0), then the function 
f(x, W) = infy f(x, y, ) belongs to V(X, O). There exists a Ox X s-measurable function 
r7(x, w) such that f(x, w) = f(x, l (x, o), o) for all x, o. 

3 Under some additional assumptions, this definition is equivalent to the more common one: w - A (w) is 
measurable if {o : A(o)n V # 0} E a for all closed V. (See, e.g., [6], [7].) 

4 cl means the closure of a set. 
5 We recall that A (o) is closed for each w. 
6 The assumption that A (o) is compact may be omitted if X is o-compact or if g = ;. 
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PROOF. Put 

U,m(.)= {(x, y, r) : m> r>f(x, y, w)} (m 

U (w)= U Un( W), 

B(x)= {x)x YxR'. 

In view of Theorem 4, the mapping Ur(.) is s-measurable and, by Theorem 3, the 
mapping B(.) is ZB-measurable. Since level sets of f are compact, Um(w is also 
compact. Therefore, by Lemma 2, the mappings B(-) f U,(-) (m = 1, 2,...) are 
measurable relative to TX x ~. Then (x, w) -- C(x, w) = B(x) f U(co) is also measur- 
able by virtue of Lemma 1 and there exist measurable selectors (x, yk(x, w), Tk(x, w)) 
(k = 1, 2,...) approximating C(Q, -). Now we have: 

f(X,W) = inf f r,k(x, w) if C(x, o) # 0' 
k ifC(x, W) 0. 

Thus, f is Tx x si-measurable. 
For each c < oo, o E = , the set {x : f(x, w) < c) is compact by virtue of the 

equality 

{x :(x, ) ( c} = proj {(x,y) : f(x, y, o) < c), x 
which follows easily from the fact that a lower semicontinuous function on a compact 
set attains its minimum. Consequently, f E V(X, N). 

In order to prove the second assertion of the lemma, we consider the mapping 

(X, O) -* F(x, c) = {x) X {(y, r) : oo > f(x, w) = r = f(x,y, w)). 

The set F(x, o) can be represented as 

U(W) n B(x) nl H(c,)= U Um((o) n B(x) nl H(o), 

where the mapping 

co -HH()= {(x, y, r) : r=f(x, w)) 

is s-measurable in view of Theorem 4. Hence, by Lemmas 1 and 2, F(., ?)is 
93x x E-measurable and by Theorem 3 there exists a Tx x a-measurable selector 
(x, q(x, w), r(x, w)) of F(-, .). The function q(x, w) is the desired one. 

LEMMA 4. Let f(x, o) be a 93X x s-measurable function. For each probability 
measure P on j~, there exists a Tx x a-measurable function f which is indistinguishable 
from f. 

PROOF. A standard argumentation using the monotone classes lemma (see, e.g., [5, 
I, T20]) shows that it is sufficient to prove the assertion for f(x, o) = XB(x)XF(W) 
where B E Tx, I E ~. Since P E N, ~there exist j'1, r2 E z such that P(J') = P(P2) 
and F, c P c r2. Then the function f = XB(X)Xr(o) is Tx x sF-measurable and indis- 
tinguishable from f since f(x, o) = f(x, o) for all w except the a-measurable set F2\r, 
of measure 0. 

3.1. The main results will be proved in this section. First we prove that 9p1 
E 1I3(Xt, jI) and p, Ee -3(X'-', 'I). This follows from: 

THEOREM 5. Let (02, ~?, P) be a probability space with fixed a-algebras S C 
and let X, Y be Polish spaces. (a) If f e Zl3(X x Y, i), then the function f(x, w) 
= infy f(x, y, w) belongs to ZJ(X, f). (b) Iff E Zl3(X, .j), then E'(f I ~) E l3(X, 0. 
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PROOF. (a) By definition of 38, the function f is indistinguishable from some 
function f, E V(X x Y, O) with the property fi > q(w), Elql < oo. According to 
Lemma 3, fi = infy fi(x, y, w) belongs to V(X, O) and, obviously, f, > q(w). Thus, by 
virtue of Lemma 4, f, E 3(X, O), and hence f E B3(X, O). 

(b) We may assume without loss of generality that f E V(X, O). Since E'(f I ) 
E 5&(X, (), there exists a version g of E'(f I () which possesses the properties (i) and 
(ii). Moreover, since f is lower semicontinuous in x, g can be selected so that it will be 
lower semicontinuous in x for all w E 2. (See [3, Theorem 2.4], cf. also [9, p. 98].) 
Thus, for all w E 2, H < oo, the set DH(o) = {x: g(x, w) < H) is closed and it is 
sufficient to verify that for each fixed H = 1, 2,... the set 2H = {w: DH(Q) is 
noncompact) is (-measurable and has probability 0. 

Fix an H and consider (-measurable selectors ,, 2, ... approximating DH(*). 
(They exist by virtue of Theorems 3 and 4.) We have 

00 

Q = U {w V(i,,..., i,)3(j) : p(i,, j') > m-',..., p(.,, 5)) > m-} n D . 
m=1 

Consequently, 2H E ( and there exist (-measurable selectors rml('), r/2( ),... of 

DH(.) such that infi,j p(1i(o), VLj(O)) > 0 for c E 2nH. Furthermore, 

EXnH lim inff(i,(oo), c) < lim inf EXuHg(qi,(w), w) < H, 

which follows from Fatou's Lemma and the definition of regular conditional expecta- 
tions. Suppose now that P(2H) > O. Then there are co E QOH and integers il < i2 
< ?* * such that the sequence f(qk(w), w) is upper-bounded. Hence, the points 7i,(w) 
are contained in a compact set because f E V(X, O). This contradicts the fact that 
inf p(lq, 7j) > 0. The proof is complete. 

3.2. By virtue of Theorem 5, versions of pt can be selected such that 

t, E V(X t, t). (4) 

Thus, in the proofs of Theorems 1 and 2, we may assume without loss of generality 
that the condition (4) is satisfied. 

PROOF OF THEOREM 1. Let / be any program. We have to deduce from (3) that 

E )t+ 1((t) < Et + I1(t) (5) 

for t = n. The inequality (5) will be proved by induction (from t - 1 to t). If t = 0, 
then the assertion is trivial: both sides equal E4i(co). Suppose that E4't(~t-') 
< Et('t- ). Then 

E+t ) I = Ept(t') = Et(t- 1) < E (tt- 1) < E(') = E t) 

and we obtain (5). 
Let / be an optimal program. The following assertions will be proved by induction 

(from t to t - 1): 
(i) Eqg,(')< oo; 
(ii) Ept,(') < ET,(') for each program 5; 
(iii) qt ( t)= -t ('-l ) a.s. (t = 1 ...., n). 

If t = n, then the inequality (ii) is valid because 

Pn = Er(4/n+l I n), E41n+(n) < E() n+(n). 

The assertion (i) follows from the relations E<pn( n) < E4,n+l(*) < oo. (See assump- 
tion (B).) 
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It will be verified now that for each t, (i) and (ii) yield (iii). Consider a 3x'-i x <t- 
measurable selector 1t(xt- , w) of the mapping 

(Xt-l, W)- (y : (p(xt- l, w) = 4/t('-1, 0)} (6) 

(7, exists in view of Lemma 3) and put /' = 1t(t'-l). Since X/ is gt-measurable, it 
coincides a.s. with some t,-measurable function 't. Then 

t(t-- ) = (t-l, t) < pt( t-l, 4) a.s. 

On the other hand, Ep( t-l, t) > Ept((t-l1, t) by virtue of (ii). This and (i) imply 
(iii). 

If (ii) and (iii) are valid, then ET, l(tt ) E _, l( t-l) for each program ~. This 
follows from (1) and the relations 

E4jt(t- 1) = E(t(,t) < E(t(It-1, t(It- 1))I E4t(t-I1) 

which are consequences of (iii), (ii) and the definition of 7t. 
Finally, it follows from (i) and (iii) that E _l((t'- )< oo. Indeed, Egt_l((t- ) 

= Et('t-) thanks to (1) and the relations Eit(~t-l)= Ep,('t) < oo. Theorem 1 is 
proved. 

PROOF OF THEOREM 2. We shall prove the second assertion of the theorem; the 
first one can be verifed similarly. 

By Lemma 3, there exists a 3x-i x j,-measurable function 7qt(x-l, c) minimizing 
cp,(x- , y, w). Since 1, . . ., _t- are t,-measurable, t,(t'- ) is t,-measurable. Con- 
sequently, we can find a function 4t which is measurable with respect to at and equals 
7 t(t-l) a.s. Thus, , possesses the desired property.7 

Acknowledgement. I wish to express here my deepest gratitude to Professor E. B. 
Dynkin for his help and encouragement. 

7 The main results of the present paper have been reported in [4]. 
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