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1. Let 2 and X be two sets and I' a subset of the product (1x X. A mapping &: {1 —
X is called a selection of the set I' (or of the multivalued mapping w + {z: (w,z) € T'})
if (w, £(w)) € T for all w € prgI". In this note we assume that Q and X are endowed with
a measurable structure, and study the question of the existence of measurable selections
for analytic sets I'. The main result is Theorem 1 below, which is generalization of results
obtained earlier in [1] and [2]. This theorem is applicable to a broader class of spaces
X than in [1] and [2], a class containing, in particular, measurable images of compact
spaces.

2. Let % and % be two o-algebras on 2, and 25 and 2 two o-algebras on X. Let
P be a finite measure on .%, and %" the completion of % with respect to this measure.

If .7 is a class of subsets of some set S, then o(7) and & (%) denote the o-algebra
generated by . and the class of .%-analytic sets, respectively. By definition. B € .&/ ()
if B is the result of the .%/-operation on some family {Bn, .. .m)} of sets in .7, ie.,
B =, ﬂf;j By, ,...vx)» where v = (v, vg,...) runs through all infinite sequences of
natural numbers and (ny,...,ny) through all finite ones (3]

For a topological space Y let % (Y) and %, (Y) denote the o-algebras generated by
all open sets U C Y and by all continuous functions p: ¥ — [ = [0, 1], respectively
(the o-algebras of Borel and Baire sets). Following Bourbaki. we say that a space Y is
quasicompact if any open covering of it contains a finite subcovering, and compact if, in
addition, Y satisfies the Hausdorff separation axiom.

The space (X, #5,27) will be said to be a measurable image of a compact space if the
following requirement holds:

(A) There exist a compact space ¥ and a mapping f: Y — X such that f(YV) = X,

(1) J7H#) S Bo(Y) and  [H(#) C B(Y).

Condition (1) means that f is simultaneously .Bp(Y)-Z%-measurable and % (Y)-2-
measurable.

For every B C X let BNZ = {BND: D € #} (the trace of the o-algebra 2 on
B). We put a set B C X in the class % (X,25,2) if the space (B,BNn 2%, BN2Z)
is a measurable image of a compact space. The symbol % x 2, denotes the smallest
o-algebra containing all the products of the form Q' x X', Q) € %, X' € Z.

It is assumed everywhere below that % D .%P .

THEOREM 1. Suppose that the space (X,27.2°) satisfies the following condition:

(XA) There is a subclass /g of Z5 such that ) generates 25 and every set B € %,
is contained in the union Xy (B)U X,(B)U- -« of some countable family of sets X;(B) €
?(X,2,Z).

Then for any T’ € %7 (95 x 23) there exists an F 2 -measurable selection.
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We remark that (ZA) holds if (X,.25,27) is a measurable image of a compact space
or if X = X; U Xy U:--, where the (X;, X; N 25, X; N #°) are measurable images of
compact spaces.

3. The proof of Theorem 1 will be obtained as the result of the following chain of
auxiliary propositions.

PROPOSITION 1. Let Q be a compact metric space, Y a compact space, f: Y — Q
a continuous mapping, and p a finite measure on F(Q). Then there exists a F(Q)*
% (Y )-measurable mapping ¢: Q — Y such that ¢(q) € [~'(q) for q € f(Y).

PROOF. The existence of ¢ follows from Theorem 2 in [4] under the additional as-
sumption that the support supp p of u coincides with f(Y), and f(Y) = Q. To reduce
the general case to this one we let Q' = f(Y) and consider the restriction y' = Hl@ Q)
of u to F(Q'). If u(Q') = 0, the proposition is trivial. For u(Q’) > 0 it follows from
the cited result, applied to the compact spaces Qu = suppy’ and Yy = f~(Qp), the
mapping fo = fly,, and the measure po = p|z(Q,)-

4. PROPOSITION 2 (see [1]). LetY be a compact space. Then for any G € Fox.Bp(Y)
there exists an F,F B (Y )-measurable selection.

We prove this by following the scheme sketched in [1]. Let G be represented in the
form

(2) G = {(w,y): (w, f(y)) € D},

where f(y) = (¢1(y).p2(y),...) is a continuous mapping of ¥ into Q = I x I x ---, and
D € % x #(Q). Such a representation is possible for any G € %, x .%,(Y), because
the class # of sets G of the form (2) forms a o-algebra and contains the class /% of
sets () x Y, where ' € % and Y/ = {y: p(y) <r}.r €1 (p: Y — I is a continuous
function). Therefore, # 2 o(#)) = F x Bo(Y).

Since f is continuous and Y compact, f(Y) is compact, and hence

D'=Dn(Qx f(Y)) € F x.B(Q).
Therefore (replacing D by D'), it can be assumed that
(3) pro D C f(Y).

In view of the Aumann theorem (see, for example, [5], Supplement I), there exists a
measurable selection 7: (2, 7%") — (Q,Z(Q)) for D. Let u be the measure on B (Q)
defined by u(B) = P(n~'(B)), and let ¢ be the mapping described in Proposition 1.
Then n is F"-% (Q)*-measurable, and it follows from (2) and (3) that ¢(n(w)) is the
desired selection for G.

REMARK 1. Since (Z,7)F = FF, the condition G € .% x .%By(Y) in Proposition 2
can be replaced by G € " x % (Y).

5. Denote by %, = %,(X,#2),2°) the class of countable unions of sets in & =
(X, 2,2).

PROPOSITION 3. Let D € %,(X,24,27), and let T be a subset of Q x D belonging
to 7P x (DNZG). Then T has a measurable selection ¢: (2,.7,7) — (D, DN Z).

PROOF. It will be assumed that 25 C 2°. This involves no loss of generality, since
& can always be replaced by (25 U.27).
Assume first that D € #, i.e., (D, DN 25, DNZ) satisfies (A). Then

G={(wy): (w fly)eTl} E-%P x Bp(Y),
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and G has an %" 2 (Y )-measurable selection a: (} — Y by Remark 1. Since f(V) = X,
it follows that pry G = pr ', and hence f(a(w)) is an 7,7 — (DN#")-measurable selection
for T. :

Suppose now that D = X, U Xy---, where @ # X, € . Since I' € FF x (DNZ),
it follows that

L=In@x X)) e K x (Xin2), i=12,...,

and for each 7 = 1,2, ... there exists an .%P — (X;N#)-measurable selection &: 0 — X,
for T';, by what was proved above. Since 25 C 2. we have that Iy € %P x (Xin%”), and
hence (0 = pro T = {w: (w, &(w)) €T} € FP. Let Yy =@ and U = U--- U,
t = 1,2,..., and fix 2o € D. The desired mapping &(w) is now defined as & (w) for
w € \Q_, and as zo for w € Q\(Q, U U- ).

6. PROOF OF THEOREM 1. 1) It is known that every I' € & (% x #23) can be
represented in the form I' = prg, v A with A € % x 2, x B(I) (this follows, for
example, from (3], §38, subsection 1X).

2) For the set A there exist an Hy € % x B (I) and a D € % (X, 20, 2°) such that

Alw,r) ={z: (w,z.r) EA}C D

for (w,r) € Hy and X\A(w,r) C D for (w,r) € H; = (X x I\Hy. Indeed, the class
M of A CQ x X x I for which this is true constitutes a o-algebra and contains all the
sets of the foom A x B x C, A € %, B € 2, C € #(I), because of (ZA). Hence
M D Fyx 2o x B(I).

3) Let Qy = prg Hy, g = O\, Then 0, € & (%) C .FT, and

A(w) = {(z,7): (wyz,r) €AY C D x T
for w € {2y, and X\pry A(w) C D for w € (1} thus,
I'w) = pry A(w) 2 X\D.

4) We consider the space
(X" 25.2") = (X x 1,%% x B(1),Z x B(I)

and the sets D' = D x I and A’ = AN (Qy x X x I). Since D € (X, 20,2), it follows
that D' € &, (X', 2/, Z"). Moreover, A’ € Fol' x (D' N&ZY), because A’ C Q x D’ and
A" € 5P x 2 (see 3). Hence, A’ has a measurable selection

y=(a.8): (%) = (X x [,L#Z x B(I))

in view of Proposition 3.

5) If D = X, then it can be assumed that o = Q and A’ = A. Using the equality
prag A = pro I', we then find that a: 2 — X is the desired selection for T'. But if D #X,
then we fix an zp € X\D and define £(w) as a(w) for w € Qy and as zg for w € ;.
Because of 3), £(w) is an F,” 2 -measurable (hence, also .F #”-measurable) selection
for .

7. For a topological space W we let @' (W) and @, (W) be the respective classes of
all open subsets of W and all open subsets of W containing together with any point
the closure of some neighborhood of it. Let B (W) = (@ (W)). It is clear that
Bo(W) C B\ (W) C.B(W) and that if W is compact, then B, (W) =.% (W). The next
result follows from Theorem 12 in [6].

PROPOSITION 4. For any quasicompact space X there exist a compact space Y and
a mapping [: Y — X such that f(Y) =X and [~'(7}(X)) C @(Y).

We remark that the described mapping f is By(Y ) -Bo(X)-measurable and F(Y)-
&, (X)-measurable. This gives us the following result.
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PROPOSITION 5. Suppose that X is quasicompact, 2 = %y(X), and & = %, (X).
Then (X,24.27) is a measurable image of a compact space.

Theorem 1 in [2] is a consequence of this proposition and Theorem 1.

8. THEOREM 2. Suppose that the measurable space (X,77) satisfies the follow-
ing condition: for some quasicompact space W there exists a measurable mapping of
(W, By, (W)) onto (X,27). Then every I' € &/ (F x Z7) has an .F 2 -measurable se-
lection.

This theorem is a consequence of Proposition 5 and Theorem 1, applied to (X, #),27)
with 2y = 2. We remark also that it follows from Theorem 3 in [1] as well (where
W is assumed to be a compact space), since the transition from compact spaces W to
quasicompact spaces does not broaden the class of corresponding spaces (X, 27) in view
of Propositions 4 and 5.

9. Note that for every quasicompact space W and every set B € S, (W) the space
(B, BN.%y(W),BnN.% (W)) satisfies (A).

PROPOSITION 6. The space (X.20,27) satisfies the condition (EA) in each of the
Sfollowing two cases:

a) X s an arbitrary subset of some quasicompact space W, 25 = of{B C X: B €
FoW)}, and & = X N.% (W),

b) X is an arbitrary topological space, 23 Us generated by the sets B € %, (X) contained
in the union X (BYUX5(B)U- -+ of some countable family of quasicompact spaces X;(3).
and & = B, (X).
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