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MEASURABLE SELECTION THEOREMS
AND PROBABILISTIC CONTROL MODELS

IN GENERAL TOPOLOGICAL SPACES
UDC 519.2

I. V. EVSTIGNEEV

ABSTRACT. Let (Ω, 7) be a measurable space, Ρ a finite measure on 7, and X a u -
compact topological space (not necessarily metrizable); B(X) is the Baire σ-algebra
of X and B(X) the Borel σ-algebra. Let 7P be the completion of 7 with respect to
the measure Ρ and σ(Α(7)) the σ-algebra generated by the sets Δ C Ω representable
in the form Δ = pr n D, where D C Ω χ [0,1] and D € 7 X B([0,1]). A mapping
ξ: Δ —̂  X is called a selection of a set Γ if (ω, ξ(ω)) e Γ for ω € ρτη Γ. The central
result (a measurable selection theorem) is the following.

THEOREM 1. For any set Γ € 7 x B(X) there exist measurable mappings

ξ: (Ω,?·ρ) - (Χ,Β(Χ)), η: (η,σ(Α(7))) - (Χ,Β(Χ)),

which are selections for T.

The proof of the existence of η is based on the continuum hypothesis. Theorem
1 (the part concerning the existence of ξ) is used to obtain necessary and sufficient
conditions for an extremum in certain problems involving control of random processes
with discrete time.

Bibliography: 34 titles.

The central question considered in this paper is the following.

Let Ω and X be two measurable spaces, and Γ a subset of the product Ω χ Χ. Under
what conditions can it be asserted that Γ contains the graph of some measurable mapping
ξ: U^X?

Results indicating these kind of conditions bear the name of measurable selection
theorems. They have numerous applications in very different areas of mathematics.
They play a particularly essential role in measure theory, in probabilistic control theory,
and in certain areas of functional analysis (see, for example, the surveys [l]-[4]).

The main assumption under which it is traditional to prove measurable selection
theorems is the metrizability of the space X. In the present article we carry out a
systematic investigation of the nonmetrizable case; in particular, we prove measurable
selection theorems for arbitrary (not necessarily metrizable) compact spaces. The results
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are used to obtain necessary and sufficient conditions for an extremum in problems
involving control of random sequences.

§1. Measurable selection theorems. Statements and discussion

1°. If X is a topological space, then B(X) denotes the smallest σ-algebra of subsets
of it with respect to which all continuous functions are measurable. Let B(X) denote
the σ-algebra generated by the class of closed sets. The sets S e B (X) (respectively,
Β € B(X)) are called Baire (respectively, Borel) sets. It is clear that B(X) C B(X);
moreover, B(X) = B(X) for metrizable X. The space X is said to be σ-compact if it is
representable as a union of countably many compact Hausdorff subspaces.

Suppose that X is a σ-compact space, (Ω, 7) is an arbitrary measurable space, Ρ is
a finite measure on 7, and 7P is the completion of 7 with respect to P. If Γ C Ω χ Χ,
then Γ(ω) denotes the set {χ: (ω, χ) € Γ}, and prn Γ denotes the projection of Γ on Ω.

THEOREM 1. For any Γ € 7 x 8{X) there exists an 7P -B(X)-measurable mapping
ξ: Ω —+ X satisfying the condition

(Ι) ξ{ω) e I » for ω e prn Γ.

A mapping ξ: Ω —> X with property (I) is called a selection of Γ.
We remark that Theorem 1 implies that the projection prn Γ is Jp-measurable, since

prn Γ = {ω: (ω, £(ω)) € Γ}, where ω ι-> (ω, ξ(ω)) is an J p - j x B(X)-measurable map-
ping (cf., for example, [5], Chapter III, §1).

2°. Theorem 1 can be reformulated as follows. Suppose that to each ω e Ω there
corresponds a set Γ(ω) C X, and Τ(ω) depends measurably on ω in the sense that
{(ω, χ): χ € Γ(ω)} 6 7 x B(X) (measurability of the graph of the multivalued mapping
ω ι-* Τ (ω)). Then there exists an 7p-B(X)-measurable mapping ξ: Ω —> X such that
ξ(ω) € Γ(ω) for those ω such that Γ(ω) φ 0 . A mapping ζ: Ω —» X with the indicated
property is called a selection of the multivalued mapping ω ι-> Γ(ω).

3°. Theorem 1 admits the following generalization. Let Μ be some class of sets.
Denote by A{M) the class of sets representable as the result of an ^I-operationi1) on sets
i n # .

THEOREM 2. Let Γ € A(7 x B(X)). Then prnT € A(7), and there exists an 7P-
B(X)-measurable selection for Γ.

4°. Theorem 3 below follows from Theorem 2. We say that a measurable space
(Ζ, Ζ) is a measurable image of the space (Ζ1, Ζ') if there exists a measurable mapping
j : Z' ->• Ζ such that j(Z') = Z.

THEOREM 3. Suppose that (Z,Z) is a measurable image of the space (X,B(X)), and
Γ G A(7 x Z). Then pr^T € A{7), and there exists an 7p-Z-measurable selection for
Γ.

5°. Diverse variants of Theorems 1-3 have been established for metrizable spaces X
(or spaces close to them in their properties) by Luzin [7], Yankov [8], von Neumann
[9], Aumann [10], Sainte-Beuve [11], Leese [12], Levin [13], and others. See [2]-[4] for a
detailed bibliography and a discussion of the history of the question.

(^By definition, a set Ρ belongs to the class Α(Ή) if there is a family {i^,,,, ,n j t)} °f s e t s i n ^ .

with indices running through all finite sequences ( m , . . . , n*) of natural numbers, such that F = (J^ fv<

where the indices ν = ( Ι Ί , Ι ^ , . . . ) run through all infinite sequences, and Fw = l_j f c > 1 F(i/,,...,vk) (see,

for example, [5] or [6]).
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In [14] and [15] we obtained an analogue of Theorem 2 asserting that under the
continuum hypothesis there exists a a(>?(7))-S(X)-measurable selection for any Γ €
A(7 x B(X)), where σ(Α(7)) is the σ-algebra generated by the class A(7). Theorem 2,
on the one hand, is stronger than this result, since B(X) is replaced by a larger σ-algebra
B(X), but, on the other hand, is weaker than it, since σ(Α(7)) is replaced by 7P'. It is
known (see, for example, [5], Chapter I, §5) that σ(Α{7)) C Jp.

The result in [14] and [15] was applied by Levin and Milyutin [16] to the investigation
of certain important questions in the theory of extremal problems. However, it was not
used in full scope: for the purposes of [16] it was sufficient only that there exist an 7P-
B(X)-measurable selection for Γ €E A{7 x B(X)). In this connection Levin and Milyutin
posed the question of whether it is possible to construct an 7P-B (X)-measurable selection
without using the continuum hypothesis. (See the discussion of possible approaches to
this problem on Russian pp. 44 and 45 (English p. 51) of [16].) Theorem 2 gives a
positive answer to this question.

6°. We mention here an application of Theorem 1 to the problem of a measurable
selection of a minimum point of a function depending measurably on a parameter. Propo-
sition 1, which we now state, will be used in §§6 and 7 (cf. also [17]).

PROPOSITION 1. Lei<p(w,x) be an 7xB(X) -measurable function ofω € Ω and χ £ Χ
with values in (—oo, +oo]. Then the function <p(u>) = infx φ(ω, χ) is 7P-measurable.
If for each ω the minimum min x ^(w,x) is attained, then there exists an J F - B ( X ) -
measurable (hence also 7P-B(X)-measurable) mapping ξ: Ω —> X such that for each
ω

<ρ(ω, ζ(ω)) - min <ρ(ω, χ).
χ

PROOF. The measurability of <ρ(ω) follows from the fact that

{ω: φ{ω) < c} = prn{(u>, x): φ{ω, χ) < c} e 7P

for any real c (see the remark after Theorem 1). To construct ξ it suffices to apply
Theorem 1 to the space (Ω, 7P) and the set

Γ = {(ω,χ): φ[ω) - <ρ{ω,χ)} € 7Ρ x Β (Χ).

§2. Lemmas on representation of measurable sets and functions

1°. This section contains several lemmas used constantly in what follows. They are
corollaries to the theorem on monotone classes ([18], Chapter I, Theorem 20) and the
theorem on isomorphism of (uncountable) Borel spaces(2) (see [6] and [19]).

The letter I will always denote the interval [0,1], and the letter I the σ-algebra Β (I)
(— B(J)). The symbol I°° denotes the countable product of intervals I x / x • · ·, and J°°
the countable product of σ-algebras I x I x • · · = B(/°°). Everywhere, R = (-oo, +oo).

Let (S, S) be an arbitrary measurable space, (A, A) a Borel space, and C some class
of mappings f:S—*I generating S. Denote by C°° the class of mappings / : S —> I°°
representable in the form f(s) — (f1^), / 2 ( s ) , . . . ) , where / ' € C.

LEMMA 1. For any S-A-measurable function <p: S —* A there exist an I °°-A-measur-
able function Φ: I°° —* A and a mapping f 6 C°° such that

φ) = Φ(/(β)). (1)

(2)A measurable space is called a Borel space if it is isomorphic to a Borel subset of a complete
separable metric space, equipped with the Borel σ-algebra.
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PROOF. It is known that every Borel space is isomorphic to a Borel subset of the
real line (see, for example, [19], Chapter I, §2, or [6], Vol. I, §39). Therefore, it can be
assumed without loss of generality that A C R, A € Β(Λ), and φ is a real function.

We consider the product of measurable spaces

fee

where (//, If) are copies of the space (1,1), one for each f Ε C. Let F: S —• J be the
mapping carrying a n s e S into (/(s))/ec· It is clear that F generates S, since for sets
D e J of the form

D = Β χ J ] Ic, BeIf = I,
οφί

we have that F~1{D) = Ϊ~1{Β), while the sets f~l{B) (feC, Bel) generate S by as-
sumption. Consequently, the function <p(s), being S-measurable, admits a representation
ip(s) = ty(F(s)), where Φ: J —• R is a real J-B(#)-measurable function.

As is known, a real measurable function on the product of any family of measurable
spaces depends on at most countably many coordinates (this follows easily from the
theorem on monotone classes ([18], Chapter I, Theorem 20)). From this we conclude that
there exist an J°°-B(/i)-measurable function Φ': I°° —• R and mappings f1,/2,... G C
such that φ) = #(/(«)), where /(a) = (f^s), f2(s),...).

We now take an arbitrary point a E A and for y € I°° let Φ(?/) = Φ'(ν) for Φ'(?/) € A
and Φ(?/) = α otherwise. Then Φ and / are the desired objects.

2°. In the remainder of this section (Ω, Τ) and (X, X) are arbitrary measurable spaces,
(A, A) is a Borel space, and Cn (respectively, Οχ) is some class of mappings from Ω to /
(respectively, from X to /) generating 7 (respectively, X).

LEMMA 2. For any 7 x X-A-measurable function φ: Ω χ Χ —• A there exist an
I°° χ I00-A-measurable function Φ: Ι°° χ /°° —• A and a mapping

e(w) = ( e V i - e ' M , · · · ) , / ( * ) = ( Λ * ) , f ( x ) , •••)

such that ek e Cn, fk € Οχ (k = 1,2,...), and <ρ(ω, χ) = Φ(β(ω), }{χ)).

PROOF. We apply Lemma 1 to the space (S, S) = (Ω χ X, 7 x X) and the class C of
mappings Ω χ Χ -* I of the form

(ω,χ)^ρ(ω), peCn, (ω,χ) >-> q{x), qeCx,

which generates S. According to that lemma, φ admits a representation in the form (1),
i.e., <ρ(ω,χ) = Φ(^(ω,ΐ)), where Φ: (Ζ 0 0 , ! 0 0 ) -> {A,A) is a measurable function, but
F: Ω x X —* 7°° is a mapping in the class C°° = C x C x · · ·, i.e., F has the form

where some coordinates ίκ(ω,χ) (k = 1,2,...) depend only on ω and are mappings of
class On, while others depend only on χ and belong to the class Οχ. It can be assumed
without loss of generality that both those and the other coordinates are of countable
number, and that the coordinates with even indices depend on ω, while those with odd
indices depend on x. It now remains to observe that the function Φ constructed and the
mappings

e ( w ) = ( Λ Μ , Λ Μ , · · • ) . fix) = Ui(x),Mx), •••)

have the required properties.
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LEMMA 3. For any Τ G 7 X X there exist an f G C$ and a Ae7 x I°° such that

Γ = {(ω,ΐ):(ω,/(ζ))€Δ}. (2)

If f(X) G I°° for any f € Cg, then there is α A with the additional property that

pr/o» Δ C f(X). (3)

If / and Δ satisfy all the conditions in Lemma 3 (including (3)), then we say that
formula (2) gives a canonical representation of the set Γ.

PROOF OF LEMMA 3. We apply Lemma 2 to the set A consisting of the two points 0
and 1, to the class CQ of all 7- J-measurable mappings Ω —• I (which generates 7), and
to the class Οχ. Let

be the representation of the indicator function xr of Γ constructed according to Lemma
2. Then the set

Δ = { ( ω , 2 /)€Ωχ/ 0 Ο :Φ( 6 Μ, 2 /) = 1}

belongs to 7 x I°° and satisfies (2). If f(X) G I°°, then, replacing Δ by Δ' = Δ Π
(Ω χ /(Χ)), we get (3) without disturbing (2).

3°. LEMMA 4. Let (2) be a canonical representation for Γ. Then the following
assertions are valid:

(i) ρΓΩΓ = ρΓΩΔ.
(ii) Δ(ω) = /(Γ(ω)), ω € Ω (see the notation in §1.1°).
(iii) // ς: Ω —• 7°° is a selection of the set A, and η: I°° —• X is a selection of the

multivalued mapping y H-> f~l{y) (y € 7°°), then ξ (ω) = η(ς(ω)) is a selection of the set
Γ.

PROOF, (i) If ω G ΡΓΠΓ, then we get successively that: (ω,χ) G Γ; (ui,f(x)) G Δ;
and ω G pr n Δ. Conversely, if ω € prn Δ, then, by (3), (ω, f(x)) € Δ for some x, and
hence ω G ρΓΩ Γ.

(ii) If χ G Γ(ω), then f(x) G Δ(ω) in view of (2). Hence, /(Γ(ω)) C Δ(ω). Conversely,
if y G Δ(ω), then y G f(X) because of (3), which gives us that y = f(x) G Δ (ω);
consequently, χ G Γ(ω), and thus y G /(Γ(ω)).

(iii) Let ω G ρΓΩΓ. Then ω G pr n Δ by (i); hence (ω, ς (ω)) G Δ, and ς (ω) G f(X)
by (3). Therefore, η(ς(ω)) G /~1(ς{ω)), i.e., /(ξ(ω)) = /( 7 (?M)) = ς(ω). At the
same time, (ω, ζ (ω)) G Δ, and thus (ω, /(^(ω))) G Δ, which is equivalent to the relation

4°. The following Lemmas 5 and 6 are needed in §6.

LEMMA 5. For any 7 x X-measurable function φ(ω,χ) with values in (—oo,+oo]
there exist a mapping f G Cx and an 7 x I°°-measurable function Φ(ω, j/) ο/ω G Ω and
y G 7°° suc/ι ίΑοί

£>(ω,ζ) = Φ(ω,/(ζ)). (4)

If f(X) G J°° /or any / G C^1, then there is α Φ with the additional property

Φ(ω,2/) = +οο fory£f(X). (5)

PROOF. Consider the representation ιρ(ω,χ) = Φ(β(ω),/(ζ)) given by Lemma 2,
applied to A = (—oo, +oo] and the class Cn of all 7-J-measurable mappings Ω —* I.
The function Φ(ω,2/) = Φ(ε(ω),?/) satisfies (4) and is 7-1°°-measurable. If f(X) G J°°,
then Φ can be modified by setting Φ(ω,?/) = +oo on Ω χ (7°°\/(Χ)); here (4) and the
7 x Immeasurability of Φ are preserved.

If / and Φ satisfy all the conditions in Lemma 5, then we say that (4) is the canonical
representation of the function φ.
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LEMMA 6. Let (4) be the canonical representation of φ, and q(u>) (u> £ Ω) a real
function.

(i) If φ{ω,χ) > q(oj) for all ω and x, then Φ(ω,2/) > q(u>) for all ω e Ω and y € I°°.
(ii) For all ω G Ω and c € R

{y: Φ(ω,?/) < c} = /({a;: <ρ{ω,χ) < c}).

PROOF. The first assertion follows from (4) and (5), the second from the chain of
relations

{y: Φ(ω, y) < c} = {y e /(X): Φ(ω, y) < c}

= f({x: Φ(ω, /(ζ)) < c}) = f({x: φ{ω, χ) < c}).

§3. Proofs of Theorems 1-3

1°. We begin with a proof of the following fact.

THEOREM 4. Suppose that X is α σ-compact topological space, Υ is a compact metric
space, f is a continuous mapping of X into Y, and Q is a finite measure on B(Y).
Then there exists a measurable mapping η from (Υ, Β(Κ)^) into (X, B(X)) such that
iWef-Ky) for ally Gf(X).

A variant of this theorem was proved by Talagrand in [20] (Theorem 2), where it is
assumed that X and Υ are compact, / is a continuous mapping from X onto Y, and
Q is a Radon measure on B(Y) having the strong lifting property (see [21] and [22]).
More general results were obtained by Graf [23], [24] and Losert [25] (cf. also the papers
of Edgar [26] and Ershov [27]). We deduce Theorem 4 from Talagrand's theorem, using
the fact that any finite measure Q on the Borel σ-algebra of a compact metric space Υ
is a Radon measure ([5], [18]) and has the strong lifting property if its support suppQ is
equal to Υ ([21], [22]).

PROOF OF THEOREM 4. Step 1. Assume first that X is compact and Υ - f(X). Let
Fo = suppQ, and Qo the restriction of Q to B(Fo). Then suppQo = Fo, and in view of
the results cited above there exists a B(Yo)

Qo- B(X)-measurable mapping 70: Fo -+ X
such that 70 (j/) € f~1(y), y € Yo. We extend the mapping ηο: YQ —> X to a mapping
η: Υ —> X, taking care only to ensure that 7(2/) € f~1{y) for all y Ε Υ. Then for
Β € B(X)

7- 1(B) η Fo = 7ο"1 (Β) € B(F0)«° C B(F)«,
and η~1(Β) Π (F\Fo) is contained in the set F\Fo of measure 0 and thus belongs to
B(F)< 3. Hence, 7 is the desired selection.

Step 2. In the general case let Xi,X2> · · · be (Hausdorff) compact spaces with union
X. We consider the compact spaces Yk = f(Xk) and F^ = Fi U · • · \JYk {k = 1,2,...) and
denote by Qk the restriction of Q to B(Ffc). By the first step, there exist H(Yk)

Qk-B(Xk)-
measurable mappings 7^: Yk —> Xk such that 7fc(y) € f~1(y), y € Yk- Fix an arbitrary
α 6 I , and let 7(2/) = 71(2/) for y € Ylt 7(1/) = 7fc(y) for y € YkXY^!, and 7(2/) = a
for y £ f{X) = Ft U F2 U • · •. Then for any Β 6 B(X) the intersection of η~1{Β)
with Ffc\F^_j coincides with the intersection of lk

1(B Π Xk) with FfcyF^ and thus
belongs to B(Ffc)«* C B(F)«, since B n l j t € B(Xk). Similarly, 1~

1{B)nY1 € B(F)«.
Finally, η~ι{Β) Π [F\/(X)j either coincides with Y\f(X) or is empty. Using the fact
that Ffc, Y£, f(X) e B(F), we conclude from this that 7~1(-B) € B(F)«.

2°. We formulate some known results needed to prove Theorems 1-3. Let (Ω, 7) be a
measurable space, and F a compact metric space.
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PROPOSITION 2. If A € 7 x Β (Υ), then ρΓηΔ e A{7). For any S € A{7) there
exists a set Γ C Ω χ /, Γ € 7 x Β {I), such that S = prn Γ.

The proof is obtained by using the theorem on isomorphism of Borel spaces [6], [19]
and arguments in [6] (Vol. I, §38.IX) (see also [13], the remark in §2).

PROPOSITION 3 (see, for example, [5], Chapter I, §5). A(7) C 7P for any finite
measure Ρ on 7.

THEOREM 5 (see [12] or [13]). For every Δ e 7xB{Y) there exists α σ(Α{7))-Β(Υ)-
measurable (and hence 7p -B(Y)-measurable) selection.

3°. PROOF OF THEOREM 1. We consider the class Cx of all continuous mappings
of X into /. It is clear that Cx generates B(X). We apply Lemma 3 to the spaces
(Ω, 7) and (X, X) = (X,B{X)), the class Cx, and the set Γ. We get that Γ admits
the representation (2) with Δ € 7 x I°° and / e C ^ . Since any / e C~ has the
form f(x) = (/^x), / 2 (z) , . . . ) , where the / ' : X -+ / are continuous, / : X -* I°° is a
continuous mapping. Therefore, f(X) is σ-compact, and hence f{X) S J°°. Thus, it
can be assumed that (3) holds, i.e., (2) is the canonical representation of Γ.

By Theorem 5, there exists a mapping ς: Ω —» Υ = J°° which is an 7P-B(im-
measurable selection for Δ. Let Q be the measure on Β (Υ) defined by Q{B) = Ρ(ς-1 (£)),
Β e B(Y) (the image of Ρ under the mapping ς). Then, as is not hard to show, the
mapping ζ is 7P-B (Y)®-measurable.

Since B(Y) = B(Y), by Theorem 4 there exists a B(y)0-B(A")-measurable selection
η: Υ —> X for the multivalued mapping y >-* f^iy). Let ξ(ω) = η{ς(ω)). Then, by
Lemma 4, ξ is a selection for Γ, and the mapping ξ is Jp-B(X)-measurable, being
the composition of an Jp-S(V)*-measurable mapping and a S(y)*-B(X)-measurable
mapping. The theorem is proved.

REMARK 1. Suppose that the assumptions in Theorem 1 hold. Then ρΓΩΓ € Α{7).
Indeed, consider the canonical representation (2) of Γ constructed in the course of the
proof of Theorem 1. Then pr n Γ = pr n Δ € A(7) in view of assertion (i) of Lemma 4
and Proposition 2.

REMARK 2. The assertion of Theorem 2 (and hence Theorem 1) is valid for any
topological space W which is the image of a σ-compact space X under a continuous
mapping g: X -* W.(3) Indeed, let Γ € A{7 x B(W)). Then, as follows easily from
Proposition 2, the set Γ" = {(ω,ΐ): (w,y(x)) e Γ} belongs to A(7 x B{X)); moreover,
p r n r " = p r n r , and if ζ(ω) is an Jp-B(X)-measurable selection for Γ", then ρ(ξ(ω)) is
an /p-B(^)-measurable selection for Γ. Thus, Remark 2 is a corollary to Theorem 2.

4°. PROOF OF THEOREM 2. Since Γ e A{7 x B(X)), Proposition 2 gives us that
Γ = p r n x x D for some

D e J x B(X) χ B{I) D7xB(Xx I).

It is clear that pr n Γ = pr n D, and since Χ χ I is σ-compact, we conclude from Remark
1 that ΡΓ Ω Γ € A{7).

Further, let λ(ω) = (α(ω), β(ω)) be a selection for D that is measurable as a mapping
from (Ω, 7P) to (Χ χ Ι, Ώ(Χ χ /)). The existence of λ follows from Theorem 1, applied
to the space Χ χ I. We show that α(ω) is the desired selection of Γ. Indeed, for a closed
set Β C X we find that a~l(B) - λ" 1 (Β χ /) e 7P. Moreover, if ω € prn Γ = prn D,
then (ω, α(ω), β(ω)) € D, and hence (ω, α(ω)) 6 Γ.

(3)We remark that W is representable as a union of countably many compact (not necessarily Haus-
dorff) subspaces.
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5°. PROOF OF THEOREM 3. Using Proposition 2, we represent Γ as ρτΩχΖD,
where D € 7 x Ζ χ Β (I). Let j be a measurable mapping of (X, B{X)) onto (Z,Z),
and let Λ be a mapping of Ω χ Χ χ J onto Ω χ Ζ χ I acting according to the formula
h(u,x,r) = (LJ,j{x),r). Let D = h'^D). Then D G 7 x Β (Χ) χ B(I) C 7 χ Β(Χ χ I),
and pr n D = pr n Γ, since j(X) - Z. From this and Theorem 2, applied to X x I, it
follows that p r n r e A(7), and there exists an TP-B(X χ immeasurable (and hence
7P-B{X) χ Β (immeasurable) selection (α(ω),β(ω)) for £». The desired selection ξ(ω)
for Γ can now be defined by the formula ξ (ω) = j(a(ui)).

§4. A measurable selection and the continuum hypothesis

1°. In this section we use the technique worked out above and show what refinements
of Theorem 3 are possible if we assume the continuum hypothesis (CH). The results of
this section are not used in the last part of the paper.

It will be said a topological space satisfies condition (Σ) if it is representable as a
union of countably many compact (not necessarily Hausdorff) subspaces.

Let (Ω, 7) be a measurable space. For any topological space Υ let K\(7, Y) be the
σ-algebra 7 xB{Y), and let K2( 7, Y) be the collection of sets Γ e 7 χ Β (Υ) such that for
each ω the set Γ(ω) = {y: (u>,y) G Γ}, regarded as a subspace of Y, satisfies condition
(Σ).

Let 7l D 7 {i = 1,2) be two σ-algebras on Ω such that the following assertion is valid:
For any compact metric space Υ and any set Γ G K%{7, Υ) we have that prn Γ G 7% and
there exists an 7i-B(Y)-measurable selection for Γ (ί = 1,2).

REMARK 3. It follows from Proposition 2 and Theorem 5 that any σ-algebra contain-
ing A{7) can be taken as 7\. It is established in [28] that J2 can be taken to be any
σ-algebra containing all the sets Δ C Ω such that Δ € A{7) and Ω\Δ € A{7). If (Ω, 7)
is a Borel space, then 7<i = 7 has the indicated property (see [29], [17], and [28]).

THEOREM 6 (CH). Suppose that X is a topological space satisfying condition (Σ),
and (Z, Z) is a measurable image of the space (X, B(X)). Then for any Γ G A(7 x Z)
there exists an 7\-Z-measurable selection for Γ, and pr n Γ G 7\. If (Z, Z) = {X, B(X))
and Γ € K2{7,X), then prfi Γ € 72 and there exists an J2 - Β (Χ) -measurable selection of
the set Γ.

2°. PROOF OF THEOREM 6 (cf. [15] and [28]). We assume that (Z, Z) = (X,B{X))
and Γ € 7xB(X). Reduction of the general case to this special case can be realized just as
in the proof of Theorem 3. Consider the canonical representation Γ = {(ω, χ): (ω, f(x)) e
Δ} of Γ determined by the set Δ € 7 x B{I°°) and the continuous mapping / : X —»I°°
(see Lemma 3). By what was proved in Lemma 4, Α(ω) = /(Γ(ω)), which implies that
the set Δ(ω) is σ-compact if Γ(ω) satisfies condition (Σ). Hence, if Γ 6 Ki(7,X), then
Δ € Ki(7,I°°) (i = 1,2). Thus, prn Γ = prn Δ (Ξ £, and there exists an £-fl(im-
measurable selection ς (ω) for Δ.

Now assume that a B{I°°)-B(X)-measurable selection 7(2/) has been constructed for
the mapping y 1-» f~1(y), y G F = I°°. Then ξ(ω) — η(<;(ω)) is the desired selection for
Γ, by (iii) in Lemma 4. It thus remains to verify the following assertion.

PROPOSITION 4 (CH). Suppose that X is a topological space satisfying condition
(Σ), and f:X—*Y is a continuous mapping of X into the compact metric space Y.
Then the multivalued mapping y >—> f~1{y) has a B(Y)-B(X)-measurable selection.

Proposition 4 follows from Proposition 3 in [15] in the case when X is compact and
Hausdorff (cf. also [20], [23]).
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3°. PROOF OF PROPOSITION 4. Let Xi,X2,... be compact subsets of X such that
Χι U X 2 U · · • = X. Let Yk = f{Xk), Yk = Y\ U · · · U Yk. Assume that for any A: a
B(Yk)-B(Xfc)-measurable selection 7^: Yjt —> Xk has been constructed for the mapping
y ·-» {χ e Xk: f(x) = y}. Fix α € X and let y{y) = 71 (y), y e 1Ί; 7(2/) = 7fc(y),
y € Vfc\Vfc_i; 7(2/) = α for y ^ /(X)· The mapping 7: Υ —• X is the desired selection
for y ^ rl{y), since f(X) ={Jf(Xk) € B{Y), and

{y e f(X): ^(7(y)) < c} = 0 {V

for any c €. R and any continuous function φ.
Thus, it suffices to consider the case when X is compact. We show that X can be

regarded as separable. Take a countable dense set {yi, y2,... } C Υ and choose a point
xk in the full inverse image f~1{yk) of each point yk, k = 1,2, Consider the closure
X — cl{xi, x2, • • • }· The set X is compact and separable, is mapped by / onto the whole
of Y, and every B(Y)-B(X)-measurable selection 7: Υ —> X for y >-* {x e X: f(x) = y}
is at the same time a B{Y)-B(X)-measurable selection for y 1-» {x 6 X: /(x) = y}.

Thus, it suffices to prove the assertion in the case when X is a compact separable
space and /(X) = Y.

If X is separable, then there are at most a continuum of continuous functions on X.
Consequently, the σ-algebra S(X) is generated by some family of closed sets {Ba: a £
A} that are parametrized by the elements of some set A with the cardinality of the
continuum. By hypothesis, the continuum A can be well ordered by a relation < such
that for any a € A the set {β: β < a} is at most countable. Let c*o be the smallest
element of A and assume that Bao = X (this does not restrict the generality, since X
can always be included in {Ba}).

We define by induction a nonincreasing transfinite sequence of nonempty closed sets
Ha(y), a € A, depending on y such that the following condition holds for each a £ A:

(B) For any closed set V C X

Let Hao(y) = f~1{y)· Assume that the i7/j(y) have been defined for β < a and
consider Ma(y) = f]0<a Hpfy). The set Ma(y) is nonempty and satisfies condition (S),
since

{y: Ma(y) Π V φ 0} = f | {y: H0(y) Π V φ 0} € B(Y)

in view of the compactness of X and the closedness of Η ρ (y) and V (here we use the fact
that {β: β < a} is at most countable). Now define Ha(y) to be Ma(y) Π Βα for those y
such that Ma{y) Π Βα φ 0, and to be Ma(y) for the remaining y. It is clear that Ha(y)
has property (S) if MQ(j/) does.

Since X is compact, the intersection H(y) = HaeA Haiv) °f tne nonincreasing transi-
tive sequence of nonempty closed sets is nonempty. Take an arbitrary selection 7(y) for
y i-> i/(y). For a > a0

{»: 7(2/) € BQ} = {y: H(y)nBa φ 0} = {y: Ha(y) Π Βα φ 0} e S(y),

because Ha(y) C ,BQ if Ha(y) Π Βα φ 0. This gives us that the mapping 7(y) is
S(F)-S(X)-measurable, since the family {£?Q,a > ao} generates S(X)·

Proposition 4 is proved. The last step of the proof used an idea due to Leese ([12], p.
28).
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§5. A control model

1°. Let (Ω, 7, P) be a probability space, and 7i C J 2 C · · · C 7n C 7n+\ = 7 & chain
of σ-algebras (7t can be interpreted as the collection of events observable up to the time
i). Let (Λ", X) be a measurable space (the space of controls) and let φ(ω, χχ,..., xn) be
a function on Ω χ Xn with values in (-oo, +oo], measurable with respect to / χ Xn and
such that <p((jJ, Xi,-.. ,xn) > 9(ω)) where ς(ω) is some function with finite expectation

f
Consider the following extremal problem: minimize the functional

Ρ(ξ) = Εφ(ω,ξ1(ω),...,ξη(ω))

over all sequences ξ = {ξι(·)>..., fn(·)}, where £t(·) is a measurable mapping from (Ω, 7t)
to (X, X) for each t. The sequences ξ in this class are called strategies. The strategies
minimizing F are called optimal strategies.

Diverse known stochastic optimization models can be included in this scheme (see [1],
[30]-[32], and the bibliography in [30]). For example, the scheme includes controllable
Markov chains; the corresponding reduction is realized by means of considerations pre-
sented in [31] (Commentary on Chapter III) and [33] (Chapter 1, §2, proof of Theorem
1.2). The scheme also includes formally more general models with additional constraints
of the form (ω, ξι(ω),..., ξη(ω)) e Q (a.e.), where Q is a given set in 7 χ Χη (it suffices
to let <p = +oo outside Q).

2°. We introduce some concepts and notation necessary for formulating the main
results of this section (Theorems 7-9).

If (Y, y) is a measurable space and Jo is a σ-subalgebra of 7, then U(7Q,Y) denotes
the class of ^-Immeasurable functions φ: Ω χ Υ —• (—oo, +oo] such that φ(ω,ν) > q(uj)
for some function q(u>) with E\q(uj)\ < oo.

A function ψο G U(7Q,Y) is called the regular conditional expectation (RCE) of a
function V € U(7,Y), and denoted by Ετ(ψ\7ο), if

Vo(w, ς (ω)) = Ε\φ(ω, ς(ω))\70] (a.e.)

for any ^)-]/-measurable mapping ς: Ω —> Υ. With the help of the theorem on monotone
classes ([18], Chapter I, Theorem 20) it can be proved that Ετ(φ\70) exists for all φ €
U(7,Y);

If Υ is a topological space and y = β (Υ), then F ( ^ ) , Y) denotes the class of functions
Φ((Λ), y) € U(7o, Y) which are lower semicontinuous with respect to y G Υ for all ω € Ω.

For brevity we write xt instead of (xi,...,xt) and ξ* instead of (ξ ι , . . . ,&) (t =
1,2, . . . , n ) . Assume that X is a compact topological space,(4) X — B(X), <ρ(ω,χη) e
V{7, Xn), 7i = 7f (t = 1,. . . , n), and F{C) < oo for some strategy ξ*.

THEOREM 7. There exist functions <pi,...,<pn and φι,..., φη+ι having the following
properties:

φη+ι=ρ; <ρί(ω,χ*)
^ « ( ω , ζ * " 1 ) = m i n ^ t ( o ; , a ; t ~ 1 , x ) {t - Ι,.,.,ή).

THEOREM 8. The strategy ξ = {ξι,.. •, ξη} is optimal if and only if with probabiltiy
1

<ρί(ω,ξ'(ω))=φί(ω,ξ*-1(ω)), t = l,...,n. (6)

(Optimality criterion in terms of the Bellman functions <pt and Vt·)

(4)A11 the topological spaces in this section are assumed to be Hausdorff.
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THEOREM 9. There exists an optimal strategy ξ = {ξι,..., ξη} such that the mapping
ξι is Jt-B(X)-measurable for any t — 1,..., n.

The last two theorems show that in this model there exists a strategy ξ which satisfies
the Bellman equation (6) and is optimal. What is more, the strategy ξ can be chosen to
have the additional property of Borel (and not just Baire) measurability.

Theorems 7-9 were proved in [30] in the case when X is metrizable. The general case
is treated with the help of Propositions 5-7 below.

3°. Let Cx be some class of continuous mappings X —> I generating B(X). For any / €
Cx (see the notation in §2) the set f(X) C /°° is compact, and hence, by Lemma 5, every
7χ Β(X)-measurable function tp: ΏχΧ —> (—oo, +oo] admits a canonical representation
(4) with / € Cx and 7 X /""-measurable function Φ satisfying (5). Further, Lemma 6
gives us

PROPOSITION 5. If<peV(7,X), then<f>eV{7,I°°).

PROPOSITION 6. For any σ-algebra 7Q C 7 that is complete with respect to the
measure Ρ and for any φ e V{7, X) the RCE Ετ{φ\70) exists in the class V(70, X).

PROOF. For metrizable X this fact was established in [30] (Theorem 5). In the general
case we use Proposition 5 and consider the canonical representation <P(OJ, χ) = Φ(ω, f{x)),
Φ ε V(7,X). Since I°° is a compact metrizable space, the result from [30] just cited
implies the existence of Φο = Ετ(Φ\70) € V(7o,I°°)- Define <ρο(ω,χ) to be Φ0(ω,/(α:)).
Then <p0 = Er(<p\70) and φ0 G V(70,X), since {χ: <ρο(ω,ζ) < c} = f~l{y: Φο(ω,2/) <
c}, c€R.

PROPOSITION 7. Suppose that Ζ and W are compact spaces, X =• W x Z, and
φ € V(7,X). If 7 = 7P, then the function tp(u>,w) = πύηζφ(ω,υυ,ζ) belongs to the
class V{7,W).

PROOF. For metrizable W and Ζ the assertion was proved in [30] (Lemma 3). In the
case when W and Ζ are arbitrary compact spaces, use the equality B(X) = B{W) χ Β{Ζ)
(see, for example, [18], Chapter II, Theorem 30) and note that B{X) is generated by the
class Cx of all continuous mappings /o: X —» / having the form fo(w,z) = f'(w) or
fo(w,z) = f"(z), i.e., depending only on one of the coordinates w or z. Consider the
canonical representation <ρ(ω,χ) = Φ(ω, f(x)), f Ε £χ, corresponding to the indicated
class Cx. By the definition of Cx, a mapping / € C% has the form f(x) = f{w,z) —
(f1(w,z),f2(w,z),...), where some coordinates fk(w,z) depend only on w and others
depend only on z. Therefore, it can be assumed without loss of generality that f(x) —
f{w,z) = (fi(w), fi{z)), where f\: W —• Υ = 7°° and / 2 : Ζ —> Υ are continuous
mappings. Moreover,

Φ € V{7,1°°) = V{7,1°° χ 7°°) = V{7, Υ χ Υ),

where Υ is a compact metrizable space. Consequently, by the result in [30] cited above,

( , ί ! ) (,2/,2/2)

This gives us that φ is representable in the form

^ ) ^ ( w , f 1 ( w ) , f 2 ( z ) ) = min

= min Φ(ω,/ι(ΐϋ),ν2) = Φ(ω,/1(ΐϋ)), (7)
V€Y

since Φ(ω,ί/ι,ί/2) = +cx) for (j/i,«/2) £ fi{W) χ fi{Z). Since Φ e V(7,Y), it now follows
from (7) that <p€V{7,W).
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4°. Theorem 7 can be obtained directly as a corollary to Propositions 6 and 7. Namely,
the functions <pt and ipt can be constructed by induction (from t to t — 1) with the help
of these propositions.

Theorem 8 can be proved almost word-for-word like Theorem 1 in [30] (one must just
use Proposition 1 of the present article instead of Lemma 3 in [30]).

PROOF OF THEOREM 9. We construct a strategy {ξι,..., ξη} by induction. First of
all, take an 7i-B(X)-measurable mapping ξι: Ω —• X such that φι(ω, £ι(ω)) = ^ι(ω).
The existence of fi follows from Proposition 1, applied to the function <ρι(ω, χ). Next, if
ξι,...,ft-i have been constructed, choose an ^-B(X)-measurable mapping ξ ( : Ω - » Ι
such that <pt(u, ξ*(ω)) = φ^ω, ξί~1(ω)), ω € Ω. This can be done in view of Proposition
1, because the function 9t(ui,x) — <Pt(<*>, £ ί - 1 (ω), χ) is lower semicontinuous with respect
to χ and TtxB(X)-measurable. By Theorem 8, the strategy {fi,..., ξη} thus constructed
is optimal.

REMARK 4. By means of uncomplicated additional arguments we can use the results
in this section to deduce analogous results for the case when X is a Baire subset of some
compact space XQ and X is the trace on X of the σ-algebra B{XQ).

The author is deeply grateful to V. I. Blagodatskikh, B. A. Efimov, and V. I. Pono-
marev for their attention to this work and for useful discussions. (5)
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