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HOMOGENEOUS CONVEX MODELS IN THE THEORY
OF CONTROLLED RANDOM PROCESSES

upce s19.2
I. V. EVSTIGNEEV
1°. Let A be the collection of all nonnegative n-dimensional vectors, 9 the class of
nonempty subsets of A, and B, t =1,2, ..., mappings from A into ¥, satisfying the
following conditions:

(1) By(\a)=ABi(a) for X = 0 (homogeneity);
(2)  B,(%(a +a")) D %B,(a) + %B,(a") (convexity) ().

We will consider 4 to be  the state space of a controlled process with discrete time r =
1,2, ..., and the sets &, (a) to be limitations on the possible transitions at time 1 from
state @. The theory of deterministic controlled processes of such a type was developed by
Rockafellar [1], Makarov and Rubinov (see, for example, [2]) and others. 1t is related to
models of economic dynamics proposed by von Neumann [3] and Gale [4].

The present work is devoted to an investigation of probabilistic analogues of the control
models just described.

2°. Let s, 1=0,£1, 22, ... bearandom process with values in some measurable
space. Foreach 1= 1,2, ..., we are given a set Z, whose elements are pairs of functions
(x(s"~ 1), p(s*)), where s = (.. ., 8,4, 8,.):(2) the values of x and y a.s. belong to 4. We

assume that the Z, are convex cones containing, along with each element (x, y) € Z,, the
pair (x'(s"~ "), »'(s")) whenever x = x" and y = »' (a.s.). The process {s,}, together with the
sets {Z;}, defines a model which we will denote by k.

If for each ¢ and s* we have a mapping B,(s,, ): A — A which satisfies conditions
(1)and (2), then as Z, we can take {(x, ¥): »(s")E B,(s", x(s"~ ")) as.} (an immediate generali-
zation of the model described in §1°). The required properties of Z, follow from the fact
that the set Q,(s') = {(a, b): b€ B,(s*.a)} is a convex cone. If Z, has the indicated
structure, we will say that the model admits a representation by means of the mapping
B, (s',°). We call the representation normal if the following requirements are satisfied (see
(1] and [2]): the set {(c, 5): ¢ € Q,(s")} is measurable; for all 1 and s*, the cone Q,(s")
is closed, it contains together with (a, b) all those (¢', b") for which @’ = a and 0 <b'< b,(3)
and it is contained in {(a, b): bl <K - |a]}, where K does not depend on f and 5’
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(1) If 8 and C are subsets of a linear space, and X is a number, then B + C and AB are defined,
respectively, as {b ‘e DEB e C}and {M: b e B}.

(2) All functions of s* which we consider are assumed to be measurable. All relations between them
(equality and inequality) are considered to hold almost surely fa.s.). The srguments s° are omitted whenever
this cannot cause s misunderstanding.

. _{3) For two veclors a = (al ..... @™ and b= (b, ..., b, the inequality ¢ > b means that
a' % b for all is the norm lal is defined as la'l + - - - + la™),
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3°. We say that the sequence X = {xo(so)‘ x,(s'), . - . } (finite or infinite) is a
trajectory if(4)
(x,_1,x)EZ, and x,€LL() foralls.

Let NV 2 1, and let Y(s™, a) be a real measurable function taking nonnegative values. We say
that the trajectory x4, X,. . . . , Xy is rational if U, Xn) > 0, and for each trajectory
Xg» Xy, -« ., Xy (with the same x,) we have

E¥s™, x3) - v 6N xn) T <1

Let py, py. . . . be nonnegative functions, p, € L7 (z). We say that the sequence {plis
a tharacteristic for the trajectory {x,} if (a) p,x, = 1 and (b) E(p,x}I1s" " ") <p,_,x,_,
for each trajectory {x} (see (5] and |6]). Requirement (b) means that {p,x;} is a super-
martingale with respect to the g-algebra generated by s'.

4°. From here on the model will satisfy the following conditions.
a) I (x, y) € Z, and X is a nonnegative scalar-valued function of "~ ', then (Ax, X y)
€7Z,.

B (x, »)EZ,x"Zxand 0 <y <y, then (x', y)E Z,.

To satisfy these conditions, the existence of a normal renresentation is sufficient.

We fix N = 1 and ;0 € LL(0) such  that there exist x & LU(1)(0<r<
N=1),y, €LL() (1 <t <N)and § > 0 for which (x,_,, v, )EZ, Xy 2x, + ey, >
x, +d8e yy =8¢, where e = (1. ..., 1) (“the Slater condition™).

Requirements (a)—(d) enumerated below define the class of so-called test functions
WsY, @), a € A.

() ¥(da) = Xf(a), X > 0.

(b) ¥(@") = Yla) for &’ > a

(¢) W is concave and upper semicontinuous in a.

(d) We can find constants i > 0 and # such that h < ¥(s™, ) < H for all s and
a€ D where D= {a€A: lal = 1}.

TuporeM 1. Let the cones Z, be closed with respect to a.s. convergence. For each

test function @ there exists a rational trajectory :‘?o’ ;, LW W :fN and its characteristic p,,
Pyoe oo Pp_ g Satisfying the condition
i -1 :
EWOWGEN 157 < py_yx
for all (x, y) € Z,,. The trajectory }"0. Xy, ..., Xy is rational if and only if it maximizes

Elog Y(x ) among all such trajectories.

5°. From now on, we assume that the model possesses the following properties of
stationarity: the process {s,} is stationary and Z, | = TZ,. The symbol T denotes the oper-
ator acting on the functions of s* by the formula T2(s") = z(s'*") (the translation operator).
The second stationarity condition holds, for example. if there exists a representation B(s*, a)
in which # does not depend explicitly on 7. Such a representation will be called stationary.
Models of the type described were studied by other methods and under more restrictive as-
sumptions in [6] and [7], where some variants of Theorems 2, 3, and 5 were established.

‘) By L0 (respectively, !.'l'(t)) we mean the space of essentially bounded (respectively, inte-
grable) functions of s¥ with values in &%,
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Let X = {xg,x;,.-- } be a trajectory with |xyl = 1 and Elloglx |l <. We sot
%, =x, |x]" " and @, = Ix) - Ix,_ 17 1. We say that the trajectory X is balanced if X =
T%,_yad e, =Te,_ .21 This means that the process X, (the directions of the vectors
x,) and the process a, (characterizing the growth rate of |x,[) are stationary (see [8]). We
call a balanced trajectory a turnpike if it maximizes (independent of 1) the value of Flog a,

among all such trajectories.

6°. In Theorems 2 and 3. we impose on the model the following requirements:

(¥) There exists a constant @ > 0 such that (d, 0¢) € Z, for each 1 > ] and d €D
(sce [1]).

(++) There is a stationary normal representation B(s", @). For each ¢ > 0, we can find
a number ¥(€) > 0 (not depending on s%) with the following property: whatever st is, if
b€ B(s'. ayand b’ € B(s'. &'), where la’| = lal = | and |a - al = e, then b + b +
b € B(s*. a + a'). where |Bl 2 y(¢) (uniform strict convexity of the mapping B,).

THEOREM 2. A turnpike exists and is unigue up to stochastic equivalences.

The following result establishes the closeness in direction of rational trajectories to the
turnpike X = {x,}.

-

THEOREM 3. Let € > 0 and k > 0. There exists a constant M such that if Xg, X .
.\ Xy is @ trajectory which is rational with respect to some lest function, N > 2M and
Xy 2 Ke, then

Elx,-lx,™" —x, - Ix,1"'1<e for MS t< N-M

In Theorems 4 and 5, it is assumed that X exists and (*) is satisfied. We denote
T 'x, 7' by p,.

THEOREM 4. For each frajectory Xy, Xy, . . . , the sequence E loglx,| — I logx, | is
bounded above (the weak optimality of the turnpike).

THEOREM 5. There is a function p(s®) such that the sequence p, = (T'pyuy - ...~
iy, Po = P is the characteristic for X

7°. Theorem 5 plays a key role in proving the assertions of §6°. Its proof is based
on a study of extremal problem  of  maximizing Ef in the class 11 of all (x, v, B) satis-
fying the restrictions

() (ryp+Px,)EZ,; (1) y>ATx (x ELL0), y €L, BELL(), A = 1X,]).

We prove it in the following steps:

(i) (xg, X;, 0) is the maximum point.

(il) There exists a function g € 1.’,’(1), q 2 0, for which £ + Eq(y —ATx) <0
under restriction (I).

(iii) The Tunction p = Ag i§ the one desired.

Step (i) is completed as follows. We assume that (X, v, i) € 11, £ > 0. For
numbers v and /4, we consider the functions

v=x+tHX,, w=ATx +(f—»)X,+Hx,+vle and p=max{re R': rfu< wl.
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For 0 <v < EB and sufficiently large H, we have (v, w) € Z, and £ log p > £ log X, which con-
tradicts the definition of X.
Step (ii) comes about due to methods analogous to those in [9] and [10].

8°. It is further postulated that the model 9 admits a stationary normal representa-
tion B(s”, a) and possesses at least one balanced trajectory. Let {{,} be a random process
with values in some measurable space. We say that {{,} does not anticipate {5}, and write {{}
< {s,}, if for each 1 the equation

Elg®* s ..., s_1. S0, $1,...] =E[g", s)s"]

holds, where g(- , - ) is an arbitrary bounded measurable function and ¢ is the set of values
of {;, i <t The process &y, £, ... is called a randomized trajectory (for M) if {£,} <
{s,), £, €EB(s' E,_,)(as.)and ess sup |E,| <ooforeachr. Leto,=({,,5,).f=0,%1,... bea
stationary process, and also let {{,} < {s,}.The model defined in terms of the process {o,} and
the mapping B(o', @)= B(s', a), o = (', 5"), is called a completion of the original model.

THEOREM 6. There is a completionﬁ of the model I for which the following asser-

tions hold:
(A) There exists a turnpike {E,} in 0.
(B) The process {(£,) is a randomized trajectory in M.
(C) If restriction (%) holds, then, for each randomized trajectory (£} of M, the

sequence E loglt,| — E log|¥,| is bounded above.
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