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In the last ten years the theory of stochastic models in economic dynamics
has been developing rapidly (see [1] for an introduction to this field). Interest
in such models has depended on their applicability as well as on the purely
mathematical problems connected with them. The techniques used to solve these
problems unite various elements of nonlinear functional analysis, measure theory
and the theory of controlled random processes.

In this paper a model of a developing economic system is investigated which
was proposed in [2] and encompasses the ideas of [3]-[6]. The main result is
an existence theorem for equilibrium paths. Its proof relies on the method of
monotone operators (for example, see [7]).

1. A probability space (), %, P) and non-decreasing sequence of o-algebras
Foc Fi< = Fn = F are assumed to be given in the model. The sets in the
o-algebra %, are construed as events observed up to time ¢. A positive integer
n, is assigned for any ¢ =0, - - -, N; non-negative vectors of dimension n, are
interpreted as sets of commodities existing in the economic system at time ¢. For
eacht=1,---, N, aset Q, is specified whose elements are pairs of non-negative
(p.n.) functions (x(w), y(w)), where x(w) takes on values in R"' and is %,_-
measurable and y(w) takes on values in R™ and is #,-measurable. Such pairs of
functions are called technological processes. The function x (w) is interpreted as
the input at time ¢ — 1, and y (w) as the output at time ¢ (input and output depend
on the random situation w). In addition, a sequence of functions {$1o, ¥ =0, is
assumed to be assigned (the minimal output program).

Everywhere it is assumed that, for (x, y) € Q,

(1) x €Lo(t—1),y € Lo(t),

and that y, € Lo(t). The space of essentially bounded (respectively, integrable)
%.-measurable functions on () with values in R™ is denoted by L(¢) (respectively
L,(t)). Functions which are equivalent with respect to the measure P are not
distinguished.

For x, y € Lo(¢) (or x, y € L1()) the notation x =y means that this inequality
is fulfilled almost surely for all coordinates of the vector functions x and y.
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A sequence {x, y,}0 having the properties
(2) (xt——l, Y:)Got(t=1, Y N),XNgO,
(3) Ytg}‘;t(t=0""’N)

is called a production plan. The conditions on a technological process (x;—1, y;)
contained in (2) and (3) are equivalent to the following: (x,_1, y,) € 4., where

(4) Qi ={(x,y): (x, y)€ Qu y: Z¥:}.

(The restriction (3) could have been eliminated from the very beginning and the
presentation conducted in terms of Q, (cf. [2]. But the formulation of conditions
on the model becomes more intuitive if the restrictions (2) and (3) are considered
separately.)

We shall call any sequence {p.}o, where p, € L1(¢), p, =0, a system of prices
or simply the prices. We shall say that a production plan {x,, y.}o is optimal with
respect to a prime system {p,} if for each ¢t =1, : - -, N the inequality

(5) E(py.—pi—1x:-1) ZE(py —pi—1x)

is fulfilled for any (x, y)e Q.. Here and below, px denotes the scalar product of
vectors p and x, and E symbolizes expectation. The expression E(py —p,—1x)
represents the mean value of the profit yielded by the process (x, y) (the profit
is equal to the difference between the output cost p,y and the input cost p,—1x).

The part of the model described above concerns the realm of production.
Let us now describe the realm of consumption. Suppose that a set C,(p) < Loo(t)
consisting of non-negative elements is associated with each p e L1(¢), p =0. Let
{c:}0 be a sequence of functions such that ¢, € Loo(t), ¢ = 0. Interpreting {c.} as a
consumption plan (c,(w) is the set of goods consumed at time ¢ in the situation
w), we shall say that the plan {c,} is optimal with respect to the prices {p.} if
¢, € C,(p,). Thus the multi-valued mapping C,(p) (called the demand function)
characterizes the most preferable versions of consumption depending on existing
prices.

A sequence E ={p,, x,, y,, ¢:}o is called an equilibrium path, or simply equili-
brium, if the following conditions are satisfied:

1) {x,, y:} is the production plan which is optimal with respect to the system
of prices {p:};

2) {c} is the consumption plan which is optimal with respect to {p,};

3) c,+x.=y,(t=0,---,N);

4) pi(y:—x;—c)=0(t=0,: -+, N), pnxn =0.

In this, y, is called the initial vector for E.

Condition 3 represents a balance restriction: the sum of consumption and
input for production does not exceed output. Condition 4 means that the cost of
unused resources is equal to zero.

2. Let us formulate the conditions to be imposed on the model.

P.1. The sets Q, are convex and closed under convergence almost surely.

P.2. There exists a constant H such that for any ¢ and z =(x, y)€ Q; we
have |z|=H (the norm |a| of a finite-dimensional vector a =(a’, -, a") is
defined as |a'|+- - - +]a").
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P3. Letz=(x,y)eQ,z'=(x',y)eQ,andT'e %,_;. Then yrz + (1 —xr)z'€
Q: (xr is the indicator of the event I').

P.4. There exist a sequence {£, 0=# € L(t)} and number & >0 such that
6) (ft—la )‘)’t)eot’ }‘}’tgx"t+aet’

where e, =(1,::+, 1)eR™,

The requirement P.3 signifies the possibility of a ‘“‘choice” between two
technological processes, depending on the event observed up to time ¢t —1. P.4
asserts that the minimal output program may be realized ‘‘with a surplus”.

We shall assume that for each t=0,--:, N the mapping C,(p) has the
following properties C.1-C.5.

C.1. There exists an integrable function B, such that pc =3, for any p and
ceC(p).

C.2. For each p, the set C,(p) is convex and closed under convergence
almost surely.

C.3. These exists a constant H, for which |c(w)| = H;, whatever ¢ € C,(p)
and p may be.

Let A and B be metric spaces, and let a set B(a) = B be associated with
each a€A. The multi-valued mapping a »B(a) is said to be upper semi-
continuous at the point a if, for each ¢ >0, a § >0 exists such that B(a') is
contained in an g-neighborhood of B(a) whenever a' is contained in a §-
neighborhood of a. We shall treat C,(p) as a multi-valued mapping of A =
{p:peLi(t), p=0}into B ={c: c € Lx(t), c =0}, where the metric chosen in A
and Bisp(x,y)=E|x—y|.

C.4. The mapping C,(p) is upper semi-continuous.

C.5. For any p, a function y(w, r) =y (w,r)=0 of w € and r eR' exists
with the following properties:

a) y(w, r) is non-decreasing in r;

b) y(w,r)>0 for r >0;

¢) E(c'—c)(p'-p)=-Ey(w,|p'(@)—p))) for all ceC.(p), p' and c'e
Ci(p).

The inequality E(c'—c)(p’'—p) =0 follows from c¢) (for example, see [7]
for the monotonicity of the operator C;(p)). Thus C.5 is a variant of the condition
of strong monotonicity. See [6] for the economic meaning of this type of condition.

Let the following condition also hold. (S) Each o-algebra %,(t =0, -, N)
is generated by a countable number of sets.

Our main result is the following theorem.

Theorem 1. For any yo= Yo, yo€ Lo(0) there exists an equilibrium path with
initial vector y,.

3. Before this theorem is proved, we shall derive several auxiliary results.
First, let ) consist of a single point (the deterministic case). Then all the considered
vector functions of w become constant vectors, and the assumptions enumerated
above yield the following conditions.

A.1. For any peR™, p=0, C,(p) is a convex compact set in {c:ceR™,

¢ =0}, where the mapping C,(p) is upper semi-continuous in the Euclidean
metric.
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A.2. A number B exists such that pc = for all p =0 and c € C,(p).
A.3. The Q, are convex compact sets consisting of non-negative vectors.
A.4. There exist {£;} and § >0 with the properties (6).

Lemma 1. The assertion of Theorem 1 is valid for a deterministic model
satisfying Conditions A.1-A 4.

This result is proved using literally the same arguments as in Theorem 2.1
of [6] (Z, = Q.1 in the notation of [6]). The fact that the conditions in Theorem
2.1 differ somewhat from A.1-A.4 (and that n, does not depend on ¢) does not
affect the course of the proof.

Lemma 2. The assertion of Theorem 1 is valid if each o-algebra %, consists
of a finite number of sets.

We prove this by reducing it to the deterministic case. For each ¢, consider
a partition Q) generating %, Select sets A/, - - -, A™ from this partition having
a positive measure, and fix some point w; in each A, We can establish the
following isomorphisms:

@t Lo(t)> RS,y Li(t) > R*(k, = nm,):
ex)=x(wr), -+ x(0™),
Gi(x) = (x (@ )P(AL), -+, x (0! )P(AT™))
and apply Lemma 1 to the deterministic model defined this way:
Q: ={(@-1(x), @:(y)), (x,y)€Qi}, t=1,--+,N,
Ci(p) = Cw )P, t=0,-"+,N,
Vi=ey), t=0,--+,N.

Since Conditions A.1-A.4 are obviously fulfilled, we conclude that there exists
an equilibrium path {p;, xi, yi, ¢/} with initial vector ¢,(yo). Then it is easy to
see that {¢; ' (p!), @i " (x1), @7 ' (vi), @; " (c!)} is the desired equilibrium.

4. We prove an inequality for equilibrium prices.

Lemma 3. Let E={p, x,, ¥, ¢ }o be an equilibrium path with initial vector
Yo> Yo, and let T € [0, N'] be some moment of time. Then

=23 £ )

%)

PRrROOF. By virtue of (6) there exists a v € (0, 1) such that the inequality
we(p)=y, =y +(y—1r=0
holds for any v with [v|=H (see P.2). Put

t—7—10 t—r—1

xi=y"E+A=y"Tx, yi=yTTT A=y Dy,
and
-_{xt’ t<r, ~_{yt, t=r,
i+ Q=xp)x, t=7, eyl +A=xDys t>7,
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where I is an arbitrary event of %,. By virtue of P.1 and P.3 the sequence {£,, y:}o
is a plan, with y, =y, (compare with a similar construction in [4], [8], [1]).

Observe now that a plan {x,, y.} with pxxx = 0 is optimal with respect to {p,}
if and only if, for any (¥,_1, ;) € O, ¥ Z 0, Jo = yo, the inequality

N N
(7 E%P:(Yt_xt)§E§Pt()7t*fz)-

is satisfied. This fact is easily established by summing termwise the inequalities
(5) and regrouping the terms. We substitute the sequence {£,, ¥} in the right-hand
side of (7) obtaining

r—1 N
E %: p(y:—x) +Ep.(y.—x,)+E Zl pe(y: —x,)
T+

—1
zE % pe(y: —x) +Ep.(y. — xr¥, — (1 — xp)x,)

N
+E 21 pe(xryt + (1 =xr)y:—xrx: — (1= xp)x1).
T+
Carrying out simple transformations, we find that
N t—r—1
E Zl py" T xr(ye —xe — pma(x0)) + Epoxr(y- — x.) —Epoxr(y. — £,) = 0.
T+

Since w(x,) =0, p.(y: —x.) =pc: =B, and y, — £, = §+ — %, = Se,, the last formula
yields

N
EXFp‘rae'r éEXF Z Bt;

from which the required inequality obviously follows.

5. The existence of equilibrium in the general model will be proved by
passing to the limit in the case of finite o-algebras %,. Lemma 4 below is devoted
to justifying this passage to the limit, which is of independent interest.

On account of (S) there exists a family of o-algebras {#;'} (=0,
-++,N;m=1,2,-+) having these properties: 1) for all ¢+ and m, F;" consists
of a finite number of sets; 2) #; = %. < - - - and the smallest o-algebra containing
allthe " im=1,2, ) isF,;;3) Fio1 < F7.

Let us agree to denote by L; the space of vector functions u(w)=
(uo(w), * * *, un(w)) such that u, € L1(¢). Assign u = (uo, * - *, un) € L1 to the space
Ly, if the function u, is % -measurable for any ¢. Define Lo and L, in a
similar manner. Finally, for u = (uo, * * *, ux)and v = (vo, * * *, Un), letuv =3, uw,
(u, vy =Euv, |jull; = E|u|,and pr,, u = (E(uo|%0¢'), * * *, E(un|F«)). Choose a norm
|1l in L1, and the norm ||ullc = ess sup |u| in Lo (the essential supremum with
respect to the measure P).

With eachp e L, p =0, let there be associated a set D (p) = L satisfying the
following conditions.
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D.1. For each p there exists a function y(w, r) =0 having the properties a)
and b) of C.5 and such that

(d'—d,p'—p)=—Ey(w,|p'(w)—p))

for anyd e D(p) and p' and d'e D(p').

D.2. The sets D(p) are bounded in L uniformly for pe L,, p =0.

D.3. Let pi and d; be two sequences of functions such that dx € D(px), px
converges in L; to the function p, and di converges in the topology o (L, L1) to
the function d. Then d € D(p).

(The convergence dy - d in the topology o (L, L1)[o (L1, Ls)] means that
(dx, b)~>(d, b) for any b e L1(b € Ly)).

Write

(8 D..(p) =prmD(p).

Lemma 4. For any m=1,2,- -+, let there exist functions d,, € L, and
Pm € L1,m with these propetrties

) dm € Dp(pm); Pm=0, dn=0, (pm,dm)=0.

Suppose that the sequence {pm} is uniformly integrable. Then pe L, and d € L
exist for which

(10) deD(p), pz0, d=0, (p,d)=0.

The assertion of this lemma recalls certain known results on Galerkin
approximations, using the method of monotone operators; for example, see [7],
§§ 23.5, 23.6.

We shall require the following two facts to prove Lemma 4 (the first is easily
deduced, for example, from [9], Chapter 2, Theorem 23; the proof of the second
is simple).

Lemma 5. If {p,.} is a uniformly integrable sequence of elements of L, then
a p € Ly and sequence {py, } exist such that py,, > p in the topology (L1, L).

Lemma 6. If the sequence {d.}<L. converges to deL, in the sense of
o(Li,Lo) and {d.} is uniformly bounded in L., then deL. and d, -
d(o (L, Ly)).

ProoOF OF LEMMA 4. For each m, consider an element d(m)e D(p,,) for
which d,, = pr,, d(m) (it exists in view of (8)). By virtue of Lemma 5, it may be
assumed that p,,»p and d(m)->d (o(Li, L)), where p and d are certain
elements of L;. From Property 2 of the o-algebras 7", it is not difficult to show
that the functions d,, also converge to d in the topology o(L;, L) and, by
Lemma6,de Lo and d,, >d, d(m)->d(c (L, L1).

Let us now establish that p,, » p(L1) for some subsequence. According to
D.1, for any doe D(p)

(11) Ey(pm—pl)=(do, pm —p)+{d(m), p —Dm),
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where (do, pm —p)—> 0, since p,, » p(o(L1, L)). Setting p™ = pr,.p, we have
(d(m),p—pm)=(d(m),p—p™ +p™ —pm)

=—(d(m), pm)+{d(m),p™)+{d(m),p—p™).
Here

(d(m), pm)={dm, pm) =0,
(d(m),p™)={dmp™)=0, (d(m),p—p™)->0.

The latter is true, since p—p™ - 0(L,), while the sequence {d(m)} is uniformly
bounded. Thus the upper limit of the right-hand side of formula (11) is not
greater than zero, and hence Ey(|p —p.|) = 0. Therefore y(w, |p(@) = pm(@))) >0
for some subsequence. By virtue of the properties of the function vy, we conclude
that p,, (w) - p(w) almost surely. Using the uniform integrability of {p,.}, we find
that p,, » p(L,). This and the fact that d,, > d (0 (L, L1)) imply {pm, dmn) > {p, d)
and therefore (p, d)=0. In addition, by passing to the limit in the inequality
dn=0, we have d =0. Finally, by virtue of D.3, d eD(p), since d(m)->
d(0 (L, Ly)).
The lemma is proved.

6. The following result (Komlés’ theorem [10]) will be used in the proof
of Theorem 1.

Lemma 7. For any sequence {pi} of elements of L1 bounded in the norm
Il lli, @ p € L1 and sequence k1 <k, <- - - exist such that
12) lim1/m(pg,+- - -+pe,)=p a.s.,
and (12) remains true if {k..} is replaced by any subsequence of it.

~ If (12) is satisfied, then we shall say that {p;, } Cesaro-converges to p almost
surely.

ProoOF OF THEOREM 1. Assign a sequence s =(so, * * *, Sx) to the set S if
there is a production plan {x, y,}o with xx =0 and initial vector y, such that
sc=y:—x:(t=0,--+,N).Forp=(po,***,pn)€L1, p=0, put

S(p)={seS:(p,s)=(p,s')foralls'e S},
(13) C(p)={c=(co," " *scn): c:€ C(p)), =0, -+, N},
D(p)=C(p)-S(p).

(Here the difference of two sets C and S is defined as {c —s:ce€C,seS}.) Itis
easy to verify that the existence of equilibrium with initial vector y, is equivalent
to the existence of two functions peL; and d € L, with the properties (10).
(Without loss of generality, it may be assumed that x5 = 0 in equilibrium.)

Consider the model I, defined by means of the o-algebras %", the vectors
vy =E[y.|F], the sets

Q7 ={(E(x|F1), E(|F): (x, y) € Q:}
and the mappings

C(p)={E(c|#): ce Ci(p)}
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(p is an #;"-measurable function, p =0, E|p| < ). It is not complicated to verify
that this model satisfies all the conditions enumerated in Section 2, and that the
requirement C.1 holds for the functions

(14) Bl =E@B|FT).

(Lemma 5 must be used for verifying P.1 and C.2.)

By virtue of Lemma 2, for each m=1,2, -, the model X, has an
equilibrium path with initial vector yg' =E(yo|%o ). This means that there are
functions d,, € Leo,m and p,, € L1, having the properties (9). In order to establish
the existence of an equilibrium path in the initial model, we apply Lemma 4.
To this end, we need to verify that the mapping (13) satisfies Conditions D.1-D.3.

Observe first that if s € S(p) and s’ e S(p'), then (p, s)=(p, s') and (p’, s") =
(p', s). Combining these inequalities, we obtain

(15) (s'"—s,p'—p)=0.
Further, for p = (po, * - *, p~) and p’' = (po, * * *, pN) We have

N
(c'-¢,p'-p)=-E %‘ yi' (@, [pi(@)=pi(@)))
(16)

< E gyf«w, Ip'(@)—p@))),

whatever ¢ € C(p) and ¢’ € C(p') may be. By combining (15) and (16), we obtain
D.1.

Property D.2 follows from P.2 and C.3.

Let us verify D.3. Represent di, € D(py) in the form dy = cix — sk, Where
¢k € C(p«) and s, € S(pr). By Lemmas 5 and 6 and Conditions P.2 and C.3, there
are ¢, s € Lo such that ¢, »¢ and s, > s for some subsequence in the topology
o (L, L1). We show that c e C(p) and s e S(p).

We first establish that S is closed in the topology o(L«,L1). Let s3
(86, 5 SK) > (S0, * *» 58)(0(L ooy L1)). Then s¢ =ys—x¢, where {x{,yc}o is
some production plan with x&=0. By Lemma 7, there exist x,€Lo(t)
(0=t=N-1), yieLo(t)(1=t=N) and {k,} such that x{~->x, and yi~ -y,
Cesaro almost surely. It is not difficult to see that y, —x, = s, foreach ¢ =0, - - - , N,
and that {x,, y,}» is a production plan (by virtue of Condition P.1) and xn =0.
Thus S is closed. The relation s € S(p) is now obtained by passing to the limit
in the inequality {py, si) ={px, s'), where s’ is an arbitrary element of S.

Let us fix ¢ > 0. By Condition C.4, ¢, = ci +cf starting from some k, where
llcklli=¢, c¥ € C(p). According to Lemma 7, a {k,} and ¢’, ¢" € L » exist for which
Ck,,~>c¢' and ckm ->c¢" Cesaro almost surely. Then as a consequence of Fatou’s
lemma, |ic'|l; =& and so ¢"e€ C(p) by virtue of Condition C.2. Furthermore, we
note that ¢ =c¢'+c¢”, i.e. ¢ belongs to an e-neighbourhood of C(p) for any ¢ >0.
Then, as a consequence of C.2, c € C(p).

Now applying Lemma 3 to the model I,,,, we obtain the bound

1N N ”
pml=3 X E[ X 817

(see (14)). This implies the uniform integrability of {p,.}.
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REMARK. Instead of C.4 we could have postulated that the mapping C,(p)
has the property of weak closure described in D.3.
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