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ABSTRACT

The paper examines a new scheme of stochastic control: an "equilibrium” scheme of
controlling a random vector field on a directed graph. The problems and the results are
motivated by mathematical economics.

1. The aim of this paper is to construct a stochastic dynamic model of economic
equilibrium which takes into account the structure of commodity flows in the
economic system. Studying this model, we make an attempt to integrate the
theory of spatial economic equilibrium (Samuelson, 1952; Takayama and Judge,
1971; Nagurney, 1987) and the analysis of equilibrium trajectories of economic
growth (Polterovich, 1978; Bewley, 1981; Evstigneev and Katyshev, 1982). The
model under consideration is based on a scheme of controlling a random vector
field on a directed graph. This scheme represents a modification of that studied
in (Evstigneev, 1984; 1988).

The main result contained in the paper is an existence theorem for equilibrium
states. Its proof uses the method of monotone operators (see, e.g., (Vainberg,
1972)).

2. We list the basic data which are assumed to be fixed in what follows. Let T be
a finite set, and (2, F, P) a probability space (2 is a set, F a o-algebra of subsets
of §, and P a probability measure on F). Suppose that to each t € T correspond
a o-algebra F, generated by a countable family of sets and a positive integer m.
Suppose that for each ¢ € T a set K(t) C T containing ¢ is given. Thus, T is
endowed with a structure of a directed graph: the inclusion s € K (1) means that
there is an "arrow” of the graph leading from ¢ to s. It is assumed everywhere
that

seEK(t)= F, D F (1)

(when we move along the arrows of the graph, the c—algebras F, do not decrease).
It is convenient to introduce the following notation:

M(t)={seT: te K(s)}; K(t+)=K(\{t}; M@-)= M@)\{t}.

@ [.V. Evstigneev. 1991
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Points t € T are interpreted as economic units (plants, firms, regions etc.). The
economic units consume and produce commodities. The structure of commodity
flows between them is described by the graph (T, K(-)): if there is an arrow leading
from ¢ to s, this means that ¢ supplies some kinds of commodities to s. The
number m, fixed above for each ¢ € T represents the quantity of different kinds
of commodities that may be received by t. We denote by F the collection of
all random events influencing the economic system. The o-algebra F, consists
of the events that influence the economic unit . Condition (1) means that the
random factors which influence the economic unit ¢ supplying commodities may
thus influence the economic unit s receiving them.

3. For each t € T, we consider the space A} whose elements are random F,-
measurable m—dimensional vectors z(w) (w € Q) with

l2(-)lloo = esssup Jz(-)| < oo.

(For a finite-dimensional vector @ = (a',d?,...,a'), we denote by |a| the sum
la'| + |a®| + ... + |a'].) We write p(-) € Py if p(w) (w € Q) is a F-measurable
m,—dimensional random vector such that p(w) > 0 almost surely (a.s.) and the
expectation ||p(-)||; = E|p(w)]| is finite. We will identify F,—measurable random
vectors coinciding a.s. Then, using the standard notation for the spaces of mea-
surable vector functions, we can write

Xy = L2 Fe, P,R™); Py = LYQ, F, P,R™)N {p: p>0as.}.

The space L'(2, F,P,R™) will be also denoted for shortness by £'(F;) or £}
and the space L=(§, Fy, P,R™) by L®(F,) or L$°.

Non-negative vectors z = (z!,...,2™) € A, will be interpreted as commaodity
bundles (z* is the quantity of the i-th commodity in the bundle z) and p =
= (p',...,p™) as price vectors (p' is the price of a unit of the i-th commaodity).

For z = (z!,...,2™) and p = (p',...,p™), the scalar product

plw)z(w) = pY(w)z" (W) + ... 4 p™ (w)z™ (w)

(computed for each w € ) is the cost of the commodity bundle = in the price
system p.

A family of vectors v = (v,)sek(r), where v, € X, will be called a program
of the economic unit . Here v, may be interpreted as the input vector and
v, s € (i), as the output vectors destined for the economic units s € K (t+)
(provided K(t+) # @).

From the point of view of interpretation, it is natural to assume that for each
program v = (v, )sek (1), the vectors —v; and vy, s € K(t+) are non-negative a.s.
However, this assumption is not necessary for the results formulated below to be
true.

A collection z = (z¢)ier of programs z, = (214 )sei(r) of economic units ¢ € T will
be called a program of the economic system.
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4. For t € T, we define

z=J] % e=1]] 7. (2)

s€EK(1) s€EK(1t)

Here Z, is the set of programs of the economic unit t. The elements of Q, are
collections of price vectors ¢ = (9s)sek(r), where g; describes the prices corre-
sponding to the input vector of the economic unit ¢ and gq,, s € K({+), the prices
corresponding to the output vectors of ¢.

In the model we are given:

a) multivalued mappings
Q29 Zy(q) C 2, teT, (3)

b) random vectors

h( € Xh teT (4)

The mappings ¢ — Z(g) describe the behaviour of economic units, their reaction
on introducing a price system ¢ = (9s)sek(t) € Qi Namely, Z,(q) is the set of
preferable programs of the economic unit ¢ for the price system g. The vectors h,
(for h¢ 2 0 a.s.) may be regarded as vectors of exogenous resources received by
the system from without. Negative coordinates of h, mean that the corresponding
goods are withdrawn from the system. The role of the vectors h, is clear from the
definition of equilibrium states given below.

5. Forp= (pa)aETw Ps € Py, let

q'(P) = (Ps)sek(y) (5)

and
Z(p) = {2 =(z)er: 2 € Zi(q'(p)), t € T} (6)

(Z(p) is the set of preferable programs of the economic system for the prices
p=(ps)):

Let 2 = (z¢)eer [2¢ = (214 )se k(1) € Z¢] be a program of the economic system under
consideration and p = (p, )ser [ps € P,] a collection of price vectors. We say that
(z,p) is an equilibrium state if the following conditions are satisfied:

(i) the inclusion
z € Z(p) (7)
is valid;
(ii) for each s € T
hat Y 2,20 (as.) (8)
teM(s)

(iii) forall s € T
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pl(hl+ z z!a) =0 (3-3-)- (9)

tEM(s)

Condition (i) states that in the equilibrium every economic unit chooses a prefer-
able program. Inequality (8), which may be rewritten in the form

—Zgs $ hl + z Zts (a‘s')v (10)
tEM(s—)

expresses a balance constraint: the input vector of an economic unit s a.s. does
not exceed the sum of outputs of economic units t € M(s—) and h,. The panality
(9) means that the cost of unused resources equals zero.

6. We list the conditions to be imposed on the model to gnarantee the exis.ence
of equilibrium states.

(A) There exists a program

r= (;t) [gt = (;h)JEK(t) € Zy (11)

satisfying the following requirements:
(A1) Forallt € T, ¢ € @, and each program v = (v,).ei() € Zi(g), we
have

ve 2 2u, S € K(t+). (12)

(Equalities and inequalities for random vectors considered here and in
what follows are assumed to hold almost surely.)
(A.2) There exists a positive constant § such that

hot Yz > e, (13)
tEM(s)
for all s € T. Here e, = (1,1,...,1) € R™-.
(A.3) A constant My > 0 exists for which

E(qv| F1) > E(qz| Fi) - Mo (14)

forallte T, g€ Q; and v € Z,(q).

(B) For every t € T, the mapping Z;(-) has the following properties:
(B.1) The set Z,(q) (for any ¢ € Q,) is nonempty, convex and bounded in the
norm || - ||eo uniformly with respect to ¢ € Q,.
(B.2) The mapping q — Z(q) is closed in the following sense. If

*eQ, vveZ(h) (k=12,...), ¢€Q, vEZ, (15)

llg* —glli =0 and Ewv* — Buwv (16)
for all w € HsEK(:) L, then v € Zy(q).
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(B.3) For any H € [0,00) there exists a non-negative, nondecreasing
F x B[0, co)-measurable function (B(-) is the Borel o—algebra) v (w, r)
(w€Q, r €[0,00)) such that yH(w,r) > 0 for r > 0 and

E(g - ¢') (v—1') > Ev{ (w,] ge(w) — gi(w)]) (17)

forallv € Zi(q), v' € Zi(q'), ¢ = (4s)sek() € Qu, ¢ = (¢\)ser(r) € L
with [|gllec € H and ||¢'||ec < H.

THEOREM 1. Conditions (A) and (B) are sufficient for the existence of equi-
librium states.

7. Let us discuss the conditions of Theorem 1. The family of vectors g.',_.,, te T,
s € K(t+), described in (A) may be interpreted as a "minimal output plan”.
Namely, if v = (v,)sek(r) belongs to the set Z(q) of preferable programs of an
economic unit ¢ (for some price system ¢ = (¢,)sex(r)), then, according to (A.1),
each of the output vectors v,, s € K(t+), of the program v majorizes the ¢orre-
sponding vector . By (A.2) the program z = (gt) makes it possible to realize
the minimal output plan "with a surplus”.

We note that, for any program v = (vs)sek () of an economic unit ¢ and any price
system ¢ = (s )ser(s), the scalar product

=Y g, —q—v)

SEK(1+)

may be interpreted as the profit yielded by the program v (the difference between
the total output cost and the input cost). Thus, (A.3) has the following meaning: if
v is a preferable program for some price system ¢, then the conditional expectation
of the profit guv of this program cannot be essentially less than the conditional
expectation of the profit q;; of the program Ze.

The assumption (B.1) is standard. In (B.2) it is stated that the mapping
7 + Z(q) is closed with respect to the norm | - I, in the space Q, and the
*~weak convergence in the space

m= JJ £

s€K(t)

(If v*, k =1,2,..., and v are elements of I_Les.[:i”, where S is a subset of T, then
the +-weak convergence of v* to v means that Ewv* — Eww for all w € [LesLs)
It follows from (B.3) that E(g — ¢')(v — v') > 0 for v € Z(g), v' € Zi(q') and
7,9" € Q¢ with ||gllee, |l¢'|lec < oo. This is the monotonicity condition for the
multivalued operator Z(q) considered for ¢ € Q; with ||¢]lec < co. In (B.3) a
stronger requirement is contained: a strict monotonicity condition for Z,(q) with
respect to ¢, (which belongs to the set of variables ¢ = (9s)serk(n). See, eg.
(Polterovich, 1978) for conditions of this type for deterministic models.

We note that the model under consideration has the following essential features.

1) Different economic units are influenced by different random factors and have
different information.
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2) The structure of commodity flows between economic units is given by an
arbitrary finite directed graph. This structure and the "stochastic basis” of
the model, specified by the family of o—algebras F,, are compatible with each
other in the sense of condition (1).

3) The incentives of economic units have a more general nature than maximizing
utilities or preferences under budget constraints. They are described in terms
of abstract multivalued mappings ¢ — Z,(g) satisfying a certain system of
axioms.

8. We establish some consequences of assumptions (A) and (B) which are formu-
lated in terms of the mapping Z(-). Let

P=]] P

teT

ProprosITION 1. Conditions (A) and (B) imply that the following conditions
(A') and (B') hold.
(A') There exists a program z of the form {11) which satisfies the requirements
listed below.
(A'.1) For every p € P and each program z = (z;) € Z(p) [zt = (21s)ser ()],
we have
a2 2, tET, s€K(t4) (18)

(A'.2) For some é > 0 inequality (13) is valid.
(A'.3) There is My > 0 such that

E(q¢'(p)z

)SB@i|F)-Mm o)

forallpe P, t €T and z = (z,) € Z(p).
(B') The mapping Z(-) possesses the following properties.
(B'.1) For any p € P, the set Z(p) is nonempty, convex and, for all
p€P, z= ()€ Zp) and t € T, we have ||z(||ec € My, where
M, is a constant independent of p, z and t.

(B'.2) If
PreP, Z=(0:=Hezph), peP, z=(n), ze€Z, (20

Ip* = plli — 0 and Ew:zF — Bw,z, (21)

for all t € T and w¢ € [],e gy L4, then z € Z(p).

(B'.3) For every H € [0,00), there exists a non-negative nondecreasing
F x B[0, co)-measurable function v"(w,r) (w € §, r € [0,00)) such
that v (w,r) > 0 for r > 0 and

o
v}
e

D B(¢(r) — ' () (e = ) > By (w, Ip(w) - p'@)l)

teT
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for all (2) € Z(p), (2}) € Z(p') and p,p' € P with ||p||ec, [|P' |l < H.

9. Proof. The properties (A') and (B'.1) immediately follow from (A), (B.1)
and the definitions of Z(-) and ¢'(-) given in (5) and (6). Let us verify (B'.2). It
follows from (20) that 2§ € Z(q'(p*)), and from (21) that [|¢'(p*) — ', =0
and zf — 2z, in the *-weak topology. Using (B.1), we derive from this that
2 € Zi(q'(p), te T, e, z € Z(p).

It remains to check (B'.3). Let vH(w,r) (t € T, ¢ € @,) be the function described
in (B.3). Fix some p = (p,) € P and define

PHwir) = minyf(w,r), y"(wir) = 3(w,r/N), (23)

where N is the number of elements in T. The function vH(w, ) is non-negative,
nondecreasing, F x B[0, 0o)-measurable and positive for r > 0 because, by (B.3),
cach of the functions 4f!(w,r) has these properties. The inequality (22) follows
from the chain of relations:

> B (o) — 00"z — ) 2 B Y 2 (w, Ipew) - pifw)]) >

eT teT

2 E;r?”(w. |pe(w) - p;(wl[) > Ey" (w' max |pi(w) - pi(w)l) >

> B3 (w N7 3 [pulw) - pllw)]) =

teT

).

= B3 (1, N plw) = p'(w)]) = By (w. [ple) - p'(w)

where the first inequality follows from (17), the second one from the definition
of %, the third one from the non-negativity of 1 and the fourth one from the
monotonicity of ¥#(w, r) with respect to r. Thus, (22) holds with 11 defined by
(23).
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10. Theorem 1 is a direct consequence of Proposition 1 and the following result.

THEOREM 2. Let

PapwZ(p) C [] 2
teT

be a multivalued mapping satisfying (A') and (B'). Then there exist z = (z,) [z, =
= (2¢5)sek(ty € Z¢] and p = (p,) € P with the properties (7)-(9).

The pair (z, p) described in Theorem 2 may be regarded as an equilibrium state in
a general (non-local) model specified by the family of vectors hy € A,, s € T, and
by the multivalued mapping p — Z(p) which characterizes preferable programs
of the economic system depending on existing prices. In contrast to the model
defined in Section 4, the set Z(p) in Theorem 2 does not necessarily admit a
representation in the form

Z(p) = [] Z(a'(p)).

teT

where Z,(-) depends only on ¢'(p) and not on the whole collection of price vectors
7 = (ps)ser. If the set Z(p) admits such a representation (as it does in Section
4), it is natural to say that the model under consideration is local.

11. Theorem 2 will be derived from a general theorem which gives sufficient, con-
ditions for the existence of equilibrium states of monotone operators in the spaces
of random vector functions on graphs. Define

c>=J]ee= (Hl,) ct=T] £,

teT teT teT

and consider the multivalued operator
P5pe D(p) C L%,

which associates with every
p=(pecr €P
the set D(p) consisting of vectors

d = (d)er € LT

representable in the form

dt = hg + Z Z,!, t [ T, (24}
sEM(1)
where
zs = (2athiek(s)s  (2s)ser € Z(p). (25)

We say that a pair of vectors (d,p), (d € L, p € P) is an equilibrium state for
the operator p— D(p) if
de D(p), d=20, (26)
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and
pd = 0. (27)

(In another words, (d,p) is a solution of the complementarity problem for the
operator p +— D(p).)
It is clear from the above definitions that equilibrium states in the economic model
under consideration exist if and only if there exist equilibrium states for the op-
erator p — D(p). As it will be shown, the following conditions guarantee the
existence of equilibrium states of such an operator.
(D.1) For each p € P, the set D(p) is nonempty, convex and bounded in £>
uniformly with respect to p € P.
(D.2) If d* € D(p), |Ip* - pPlli = 0 and Ed*b — Edb for all b € £}, then
d € D(p).
(D.3) For each H ¢ [0,00), there exists a non-negative, nondecreasing
F x B[0, o0)-measurable function Y (w,r) (weN, r> 0) taking posi-
tive values for » > 0 and such that

B(d - d)(p~ ') > By" (w, [p(w) - /()| (28)

for d € D(p), d' € D(p') and p,p' € P with |p||ec, [|P' ]l < H.
(D.4) There exist positive constants 4 and B such that, for all

d=(di)ier € D(p), p=(picr € P (29)

and each ty € T, we have the inequality

lpol <A Y E(pdi|Fi,)+ B, (30)
teT(1g) ‘

where T'(tg) = {t: t 3= t,).

We write t = #, (,to € T) and we say that ¢ majorizes 1y if there is a sequence
ty,ta,...,tx such that tr =t and tig1 € I{(t,) fori = [) s CS Jk—1.

THEOREM 3. Suppose that a set D(p) C L™ is associated with each p € P.
For a multivalued operator p ~— D(p) to have an equilibrium state, it is sufficient
that it satisfies conditions (D.1)~(D.4).

This theorem was formulated in (Evstigneev, 1984). Its proof will be given in
Sections 15-20. Before proving the theorem, we shall deduce Theorem 2 from it.

12. Proof of Theorem 2. It is sufficient to verify that properties (D.1)-(D.4) of
the operator D(-) defined in Section 11 follow from (A') and (B’). It is easily seen
that (B'.1) implies (D.1). Let us consider sequences d*,p* and vectors d and p
satisfying the conditions listed in (D.2). For each k, the vector d* is representable
in the form

d* = (d¥), d*=h,+ Y 24, ter,
aEM(t)
where
(zseris) = 25, (2F)ser € Z(p").
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It is clear that |lg*(p*) — ¢*(p)ll, — 0, since Ip* —pll; — 0. Furthermore, the
vectors z%, (k = 1,2,..., s € T, t € K(s)) are uniformly bounded in the norm
|| - |loo, and hence there exist vectors z,4 € Ay (s € T, t € K(s)) such that, for
some subsequence k(n), n=1,2,... ,

szf(") — Buwz, [Z, = (zsl)tEK(a]]

foralls € T and w € H‘EK(J) £}. (This follows, e.g., from the *—weak sequential

compactness of a ball in the dual space to the separable Banach space £}.) Passing
to the limit and using (B’.2), we conclude

(za)aET € Z(p)’ d= (dt)s dl - h-t + Z Zat,
sEM(t)

which means that d € D(p).
13. Let us show that the operator p — D(p) satisfies (D.3). Fix some p = (p¢) € P

and take
=(p}) €P, d=(d)€D(p), d=(dy)e D).

By the definition of D(:), we can represent d; and dj in the form

dy = hy + Z 24ty dy = he+ Z Zoes (31)

sEM(t) seM(t)
where
(3si)tEK(S) =Zs (z’st)lE!\'(:) = z';, (za)ser € Z(p), (24)ser € Z(p').

The property (D.3) follows from (B'.3) and the chain of relations

Bd—-d)p-p)=Y Edi—d)p—p)=EY Y (za—20)pe—pl) =

teT teT seM(t)
—EZ Z (Z,t P:*I) EZ(Z' _2 p)_q (]) ))
sET teK(s) s€T

14. Now let us verify (D.4). Fix some t € T and consider the sets
Ta = {t t % tg}, Tl = T\T().

Before proving (30), we make the following remark. Let S be the subset of T'x T
defined by

2{@ﬂeTxps¢m:eKm}

Then
S: Sl\srf, SH g Sf‘
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where

Gt= {(;,t): teTy, se M(t)}’

S = {(s,t): teTy, s€ M(t)r']T,}

Indeed, if (s,t) € S, then t € Ty and s € M(t). Therefore, (s,1) € S'. Suppose
that (s,t) € S". Then s € Ty, which contradicts the assumption (s,t) € S.
Consequently, (s,t) € S'\S". Suppose now that (s,1) € §'\S". Then t € K(s),
and, since t € Ty and (s,t) € §”, we have s ¢ M(t) N Ty. Thus, s € Ty (because
s € M(t)). Therefore, s € T}, and, consequently, (s, t) € S.

Let us take d and p of the form (29). Since d € D(p), there exist vectors
zs = (2st)tek(s), S € T, satisfying (24) and (25).

Let us write for shortness E,(-) instead of E(- | F,). From (A’.3) and the relation
(z4) € Z(p), it follows that

E, (q-'(p)z,) > Eﬂ(q*(p)z",_) —~Ms, s€T. (32)

Since

q"(p)23= Z PtZst, q"(p);,= Z plgsh

teEK(s) teK(s)

we obtain from (32)
Ea( Z P:Zat) = Ea( Z Pf;'u) — M. (33)
1EK(a) teK ()

For each s € Ty, we have F, D Fiy. Thus, taking the conditional expectation
E¢,(-) of both sides of inequality (33) with s 3 o and summing, we obtain

E..,( Y. > P:z,:) > E,,,( DY p,Z-,‘) M, (34)

sx=ty tEK(s) ax=to tEK(s)

where M) is a positive constant (M, is equal to the product of My and the number
of elements of {s: s 3 to}). By (34) and the definitions of S’ and §", we have

—-M, £ E:u Z Z P:(Za: = -':'s:) = E:u Z pt{za! = ;Jt) ad

=ty tEK(s) (s,t)ES
= By, Z Pelzgt — 240) — Eto z Pelzsr — 2ae): (35)
(s,0)es (s,0)ES"

If (s,t) € §”, thent € Ty and s € M(t)NTy. Thus, t € K(s+), and, consequently,
2yt 2 Zgy by (A’.1). Applying this to (35) and using the definition of S', we get

—-M; < Eq, Z Z Pelzar — Zoat) = Eq, ZP: Z (zse — ;sf) =

trte sEM(1) t2to  sEM(1)
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=By Zp,[(h.+ > z,.) -—(h.+ ¥, 3..)] P

t=tn SEM(1) sEM(1)

SEq ) pildi—be) =Ey Y pde—Ey, Y blpe| <
t=tp te=ty t=tp

<Ee Y pede = blpy,|- (36)
txto
The second inequality in this chain of relations follows from (13), and the third

one is valid since
E, 3 8lpel 2 Ee8lpeo| = 8lpe -
=ty

From (36), we derive
1 M
[P < EE"' Zptdt + Ti|
t=to
which yields (D.4).

15. Our aim now is to prove Theorem 3. First we shall prove it under the additional
assumption that each of the o-algebras Fy, t € T, consists of a finite number of
sets. After that, we shall establish it in the general case by passing to the limit.

Proof of Theorem 3 in the case of finite algebras JF,. In this situation tlie
space L2 is finite-dimensional and coincides with £'. Let us fix in the space
L = L= = L' the topology corresponding to the convergence in norm || - I, (and
the «+—weak convergence).

We note that (D.4) implies

Elp| <A ) Epd +B (37)
t=ty

for p = (p) € P, d = (dy) € D(p) and to € T. From (37) we get

Elpl= ) Elpo|< ) Y AEpdi+ ) B=

€T toET txto tET
= Z ( ZA)Ep,d, +B= ZAtEP!dt + B, (38)
teT “tosst el

\\'hl’rﬂ .
.‘h = A#{zu: to = ﬂ}, B = B#T
(the symbol # denotes the number of elements of a finite set).

We define: A = A#T;

Il = {p eP: ZA(ELDI] < QE}; A={deL: ||dlle <M},
teT
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where M is a constant such that [|d]lc < M for all d € D(p) and p € P (see
(D.1)). With each d € A, we associate the set U(d) of those p = (p¢) € Il for
which

> AEpd; =min 3 AEqd, (39)
€T oell ter

where ¢ = (g¢). The sets I1 and A are closed and bounded in the finite-dimensional
space £ (the boundedness of I1 follows from the positivity of the constants A;).
Consequently. these sets are compact, and thus the minimum in (39) is achieved.
t.e., the set U(d) is nonempty. Furthermore, II, A and U(d) (d € A) are convex.

16. Let us consider the multivalued mapping
(p,d) = U(d) x D(p). (40)

Here (p, d) belongs to the convex compact set Il x A, and U(d) x D(p) is a convex
compact set contained in II x A. Since £ is finite-dimensional, it follows from
(D.2) that the graph of mapping (40) is closed. By using Kakutani's theorem
(see, e.g., (Nikaido, 1968, Theorem 4.4)), we conclude that mapping (40) has a
fixed point, i.e., there exist p € [I and d € A for which

pEU(d) and de€ D(p). (41)

Now we shall deduce from (41) that d 2 0 (a.s.) and pd = 0 (a.s), and thus the
desired assertion will be proved. Since p = (p() minimizes the functional defined
in (39) on the set I and 0 € I1, we have

> AEpd; <0, (42)
teT

which implies

Elp|< B (43)
{see (38)). From this it follows that

Y AEIp|<A) Elp| < AB. (44)
teT teT

Suppose that the inequality d 2 0 (a.8) does not hold. This means that, for some
t'= s, some coordinate d)(w) of the vector d,(w) is negative with positive probabil-
ity. Let I' be an F,-measurable event such that d}(w) < 0 for « € I"and P(T") > 0.
Consider the random vector g(w) = (gi(w)), where g(w) = pi(w), for t # s and

1l . pi(“‘")! ! '-}é.h
telw) = {p:(w) Fexelo)h =i,

If £ > 0 is sufficiently small then, by (44),

> AElg| = AE|p|+eA,P(T) < 24B,
teT teT
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i.e., q € II. Furthermore we have

Z AEpd, < Z AtEQtdh
teT 1T

because p € U(d). On the other hand,

E AgEQ;d; = Z: A;Epgd; + A.EExrdi < Z Angtd;'
tel" teT tET

Hence, we are led to a contradiction.

Thus, d 2 0 (a.s.). This and (42) imply that pd = 0 (a.s.). So the desired result is
obtained in the case of finite algebras F,.

The idea used in the proof is typical for various applications of Kakutani's theorem
mn the theory of economic equilibrium (ef., in particular (Polterovich, 1978)). It
should be noted also that we have not yet used the condition (D.3); we need it
only for the case of infinite o-algebras F;.

17. Proof of Theorem 3 in the general case. According to the assumption made
in Section 2, each of the o-algebras F, is generated by a countable family of sets
I} T7,... . Hence, there exist finite algebras F¥ (¢t € T, k = 1,2,...) such that
for any k,

t' € K(t) = F& 2 F¥, (45)
and for any ¢,
FIC P CFCins EF (46)
and N
Fe=\| 7 (47)

(the latter notation means that F, is the smallest o-algebra containing all the
o-algebras Ff, k =1,2,...). As F¥ we may take the o-algebra generated by the
sets

TS &€k, 1= L%k (48)

Indeed, (45) is true because {s: s g t'}) 2D {s: s <t} for t' € K(t). We have
FECFFH, since the family of sets (48) is smaller than the corresponding family
for k+ 1. Every F¥ is contained in F, because I', € ¥, C F, if s < t. Finally,
(47) follows from the inclusion '}, T7,... € Vo, F¥.

Thus, the o -algebras {F,} are approximated by the finite algebras {F¥} with
properties (45)-(47). Now consider the spaces

=t = [[e=(rh), *=T]LH=FY,
el =

and define
Pr={pel'* p>0).
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With each vector
d= {dl)lET € El\

we associate the vector
Ekd = (E(d,l.’F’f}) wr €L

and for p € P, we put D¥(p) = E*D(p), where

E*D(p) = {E*d: d € D(p)} € L>=*.

18, Let us show that the multivalued operator
P 3 pe DH(p) C L,

defined above, satisfies conditions (D.1)-(D.4) (formulated in terms of the o-
algebras F¥ and the spaces £'*, £** and P*).

1) From property (ID.1) of the operator D(-), it follows that for each p € P, the
set D¥(p) is nonempty, convex and bounded in the norm || - || , uniformly with
respect to p € P*,

2) Suppose that we are given random vectors d™,d € L% p™ . p € P* (m =
= 1.2,...) satisfying the following conditions:

d™ e D*p™), p™ —pll, =0

and Ed™b — Edb for all b € £Y*. Let us verify the relation d € D"'{p}. We
have d™ = E¥d'™), where d'™ is an element of D(p™). Since the sets D(p™) for
m = 1,2,,.. are uniformly bounded in the space £, it may be assumed without
loss of generality that d'™ converges to some d®) € £ in the +-weak topology
of £ (we use the s-weak compactness of a ball in £°). By virtue of property
(D.2) of the operator D(-), d € D(p), and, consequently, E*d(®) &€ D¥(p).
Since d(™ — d(®) in the +—weak topology of the space £, d™ = E¥d(™) — E#d("
in the s-weak topology of the space £>*. Indeed, for each a € £L"*,

E(E*d"™)a = Ed™a —s Ed"a = E(E*d")a.

Therefore,
d=E*d'™ € E*D(p) = D*(p).

3) Consider vectors p,p’ € P* with [Ipfl _, 'l . € H and vectors d € D*(p) and
d' € D*(p'). Take b € D(p) and b' € D(p') such that d = E*b and d' = E¥W'. By
virtue of property (D.3) of the operator D(:), we obtain

E(d—d')(p-p') = E(B* - E*'V)(p - p') =

= B(b—¥)(p - p') > By (w, [p(w) - p'@)] ) (49)
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where the second equality follows from the fact that p,p' € P*. Thus, the operator
D*(.) possesses property (DD.3) (with the same function v (w, r) whose existence
is postulated for the operator D(-)).

4) Let us now establish an estimate analogous to (D.4) for the operator
p— D*(p) (p € P*). Take

p=(p)er € P*, d=(d)wer € D*(p).

Since d € D*(p), there exists b = (b )ier € D(p) such that d = E¥b. Applying
(30) to p and b, we obtain

[peg| < A Z E(pdu| Fi,) + B. (50)
=ty

Taking the conditional expectation with respect to F{ of both sides of inequality
(50), we find that

ol <A E(pedel Fi) + B (51)
t=ty

(because Ff C Fy, and |py,| is F¥ -measurable). Further, for t > t, we have
FroF :‘u , consequently,
E(pihi| Ft,) = B(E(pde F5)| 7L,) =

=E(pE(b F§)| FE) = E(pedi| 7).
From this and (51), the required inequality follows:
pro| < A Y Elpedi| 7)) + B. (62)
tyto

19. Thus, the operator
P*3p D¥(p) C L=

satisfies conditions (D.1)-(D.4) (in the scheme described in terms of the o-
algebras FF). According to the result established in Sections 15 and 16, the

operator D*(-) possesses an equilibrium state, i.e., there exist random vectors
d* = (d¥) and p* = (p}) such that

pte Pt dt e D*(pY), (53)
d* >0, ptd*=o0. (54)
In order to complete the proof of Theorem 3, it now suffices to prove the following

PROPOSITION 2. Suppose that, for each k = 1.2,..., there exist random vec-
tors p* and d* with the properties (53) and (54). Then the operator D(-) has an
equilibrium state.

(We recall that D(.) is supposed to satisfy (D.1)-(D.4).)
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Proof. Forall k=1,2,... and t € T, we have

letll, < B. (55)

Indeed, by (54),

0=ptd* =) pid},
teT

and thus p¥df = 0 since d¥ > 0 and p¥ > 0. Using this fact and applying (52) o
p=p* and d = d*, we obtain (55).

Let d®(k = 1,2,...) be a random vector for which d® ¢ D(p*) and d* = E*d(%) .
Such a random vector exists because of (53) and the definition of D*(). Inequality
(55) implies that {p*} is a bounded sequence in £%. The same is true for {d'*1)
(since the sets D(p), p € P, are uniformly bounded in L>). Thus, for some
subsequence, p* and d*) +—weakly converge in £:

p'=5p, dM 24 (56)

where p and d are some elements of £*. Since P* 2 0, it follows from (56) that
pe P.
20. Let us show that

d* = E¥g(W 22,4 (57)

For this, we take an arbitrary a € £ and write

lEdka - Edn] = ’E(Ekd(ﬂ)n - Edﬂl = |Ed(”E"a - Eda' <

Ead™® — Ead|.

< [B(E*a)ath - Bad®)| +

Here the second summand tends to zero by (56). The first one is not greater than

E[E*a ~ a||d™| < sup [d®|| _E|E*a - af,
k

where sup, “d“"[[m < o0, because the sets D(p*) are bounded in £=. Further-
more, it follows from properties (46) and (47) of the o-algebras Ff and from the
convergence theorem for conditional expectations (see, e.g., (Meyer, 1966, Theo-
rem V. 18)) that E|E*a — a| — 0. Thus, d*2%d.

Now we prove that, for some subsequence, p* converges to p in the norm || - |,,
and not only in the *-weak topology of £ (cf., (Evstigneev and Katyshev, 1982,
Lemma 4)). This is the part of the proof of Proposition 2, where (D.3) is used.
Fix some dy € D(p). By (D.3), (55) and (56),

E(d(“ - du_)(pk ~p) = E4f (w, [p"[u.') - p(w}l) (58)
for H = B(#T). The left-hand side of (58) is equal to

Edy(p - p*) + Ed®(p* — p),
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where the first summand tends to zero since p* ~=sp. Further, by (54), Ed¥)p* =
= Ed*p* =0, and

~Ed®p = —EdYE*p + Ed® (B¥p - p) =

= —Ed®p + Ed® (E*p - p) < [|[dP|| _E|E*p — p| — 0,

which follows from the fact that d* > 0 and from the convergence theorem for
conditional expectations.
Thus, the left-hand side of (58) tends to zero and, consequently,

lim By (w, [p(w) — pH(w)]) =0.

The sequence of random variables 47 (w, [p(w) — p*(w)|) = 0 converging in the
norm E| - | contains a subsequence converging a.s. Therefore,

7” (w, Iplw) — p"(w)|) — 0 as. (59)

for soine subsequence.
It follows from (59) that

re(w) = |p(w) — pk(w)l —+0 as. (60)

Indeed, suppose it is false. Then there exists I' € F with P(I') > 0 such that r¢(w)
does not converge to zero for w € T, i.e., for each w € T, there is r(w) > 0 such
that re(w) 2 r(w) for infinitely many values of k. Consequently, if w € I', then

7 (@, Ip(w) = PE@)) > 77 (w,r(w)) > 0

for some infinite sequence of k’s (we use the monotonicity and positivity properties
of v/ (w,r)). Thus, with a positive probability, v/ (w, |p(w) — p*{w)|) does not
converge to zero, which is a contradiction.

According to (55), sup [|[p*|| , < co. This, together with (60), for the selected sub-
sequence yields ||p* =p|l; — 0. Furthermore, by (56), d® 244, Since d*) € D(p*),
it follows from (D.2) that d € D(p).

By (54) and (57), d* = 0 and d* 22d. Therefore, d > 0. Finally, the relations

d* 24, Sl:p ”dk”m <o, Eptdt=0, [p*-pl, 0,

imply the equality Epd = 0. Thus, pd = 0 (because p = 0 and d > 0) and,
consequently, (d,p) is an equilibrium state for the operator D(-).
Proposition 2 and Theorem 3 are proved.

21. In conclusion, we make several remarks.
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Remark 1. In Sections 24, the description of the model was given in a static
form (no time parameter was explicitly introduced). Dynamics can be included in
the above scheme as follows. Assume that the elements of the set T are pairs

t=(n;b), ne{l,2,...,N}, be B(n),

where {1,2,..., N} is the set of values of the time parameter n and B(n) is the set
of economic units functioning at time n. With each pair ¢ = (n,b) (b€ B(n)) a set
K(n,b) C T is associated such that (n', ') € K(n,b) implies n' > n. Here, K(n, b)
describes the set of economic units depending (via direct commodity supplies) on
b and functioning at times n' > n. As before, we suppose that, for all (n,b) € T,
a-algebras F{,, ;) are given, satisfying the condition

J-["!‘blj ;_? J:(ll.ﬂ fOr (n’,b’) E }\'(fl, b)

(the economic units depending on supplies of goods thus depend on random factors
influencing suppliers). We note that in this scheme the moment of shipping off
goods and the moment of their receipt are indicated by n and n'.

There is also another way of introducing time in the model. We may simply
suppose that an integer-valued function v(t), t € T, is given on the graph T, and
its values v(1) are interpreted as moments of functioning of economic units ¢ € 7.
It is natural to assume here that v(s) > v(t) for s € K(t).

Remark 2. The model under consideration differs from the standard stochas-
tic control schemes in the following respects. a) The set T and the o-algebras
Fi, t € T, are not linearly ordered. b) We do not maximize or minimize any
explicitly given functional: our aim is to find a random vector field (z¢,pe) on the
graph T such that z = (z,), p = (p¢) is an equilibrium state. In this sense, we say
that the above scheme is an equilibrium scheme of controlling a random vector
field on a directed graph.

The following comments are also in order. The above description of the model is
given in terms of the mappings q » Z(¢) associating with each family of price
vectors the set of preferable programs. However, we do not specify the procedure
of decision making which determines the choice of preferable programs. In order
to define such a procedure, we need to introduce some additional elements into
the model.

For example, suppose that, to each t € T, there correspond: a measurable space
Ay (the space of decisions), a set U; of Fi-measurable functions u: 2 — 4, (the
set of controls), an operator ®: U; — 2, from the space of controls into the space
of programs, and a set U(q) C Uy including all the preferable controls for the price
system g € Q. By definition, the set Z(q) consists of programs v € Z, such that
v € (Ue(q)).

This "parametric” way of deseribing the model (¢f., e.g., (Arkin and Evstigneev,
1987, Chapter 2, Section 4.7)) is close to the conventional control theory, where
two groups of parameters are usually distinguished: controls and states of the
system. Such an approach was applied to optimization problems for random fields
on graphs in (Evstigneev, 1988) and to equilibrium problems in (Evstigneev, 1089,
In the present work, we follow another, "functional”, approach (cf. (Arkin and
Evstigneev, 1987, Chapter 2, Section 4.1)), which, on one hand, yields some gain
in generality and, on the other hand, simplifies the model deseription.
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Remark 3. If each of the o-algebras F is finite, Theorems 1, 2 and 3 are valid,
respectively, without the assumptions (B.3), (B’.3) and (D.3). This follows from
the results of Sections 15 and 16.

Remark 4. We point to an important special case of the considered model (an
analogue of Polterovich's model ( Polterovich, 1978)). Suppose that each economic
unit ¢ € T with K(t+) # @ is described as follows. For each

9= (9:)sek () € Qr,

the set Z,(¢) consists of programs v = (va)aex(ry which can be represented in the
form

—w=x+ec, v, =y, s€K(t+),

where
¢ € Cilq), (fs(yl)aEK[H)) € W,
and
Y. Equ.-Eqz> Y Eqy), - Bgs' (61)
sEK(t4) TEK(14)
for all

(I'- (v, ).emm) € W

Here Cy(-) is a given multivalued mapping that associates with each a € P, a set
of non-negative vectors ¢ € X,. We denote by Wi a set consisting of collections of
non-negative vectors

(=, )uexen). (62)

wherez € &), y, € X,, s € K(t4).

In this scheme, we distinguish the production sector and the consumption sector
of un economic unit ¢ € T. The first one is described by the set W, (the technolog-
ical set) which consists of all admissible technological processes of the form (62).
Condition (61) means that the production sector maximizes the expected profit,
The consumption of the economic unit 1 is described by the multivalued demand
function Cy(-). Some natural assumptions concerning C(-) and W, (in particular,
the strict monotonicity of —Cy(+)) guarantee the fulfillment of conditions (A) and
(B) and thus the existence of equilibria. This model will be studied in detail in a
subsequent paper, where a special attention will be devoted to turt pike properties
of equilibrium states (similar to those in (Evstigneev, 1988)).

Remark 5. As a background, this work has the studies of stochastic analogues
of the classical von Neumann, Gale, Arrow and Debreu models ( Dynkin, 1971;
1972; 1976; Radner, 1971; 1982; Bewley, 1972; 1981; Brock and Mirman, 1972
Evstigneev, 1972; Bhattacharya and Majumdar, 1973; Arkin and Evstigneev,
1987). The following topics are also closely related to the sub ject of this paper: the
theory of team problems (Radner, 1962; Jordan, 1975; Ho, 1980; Witsenhausen,
1980) and the analysis of convex multistage problems of stochastic optimization
(Dynkin, 1972; Rockafellar and Wets, 1975; 1976; Evstigneev, 1976). Economic
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models involving random fields on some undirected graphs (lattices Z9) were con-
sidered in (Follmer, 1976).

The present paper is a continuation of article (Evstigneev, 1984) that was kindly
recommended for publication in the journal "Doklady AN SSSR™ by Yu.V. Proklio-
rov. I take the opportunity to thank Yu.V. Prokhorov for his encouragement and
attention to my work in probabilistic mathematical economics.
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