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1. Introduction.

1°. Let (Q, %, P) be a probability space and T a finite set. We assume that for
each te€ T there is a o-algebra %, = ¥ and a measurable space A,. We say that the set
of functions z=(z,),cT, z:: 1> A,, defines a control if for each t e T the function z, is
measurable with respect to %,.

Let some set Z be singled out in the class of all controls and suppose a real
functional F(z) is defined on it. Moreover, for any ¢ € T let there be defined a mapping
z+—> G,(z), assigning to each z€ Z a random m,-dimensional vector G,(z) = G,(w; z).
It is required to find a control z € Z that maximizes F(z) on Z under the restrictions

(1) G,(z)=0 almost surely (a.s.), teT.

Remark 1. If b=(b',---,b")and c=(c',- - -, c") are finite-dimensional vectors,
then the inequality b= c implies that b'=c’ for all i=1,2,- -, n. All inequalities
below between vector and scalar functions of w € () are assumed to hold a.s. (unless
stated otherwise).

The stated problem generalizes a number of known schemes of stochastic optimiz-
ation in the following sense. In the traditional formulations it is assumed that the finite
set T is linearly ordered (T={1,2,: -, N}), and the o-algebras %, do not decrease
as t increases. Here %, is interpreted as a collection of events observable up to time t.

The present model admits a different interpretation. One may imagine that the
control is carried out by a finite number of participants ¢ € T, the decision z, of each
of which depends on the occurrence or nonoccurrence of some or other events of class
%,. The participants pursue a common goal described by the functional F and are
subject to the common restriction (1).

Different versions of such formulations arose originally in connection with applied
problems. Later on, they came to be considered in the framework of stochastic control
theory and information theory (e.g., see [1], [2]; we also mention [3]-[5], where other
models associated with a control on partially ordered sets and graphs are examined).

2°, We assume that, to each ¢ € T, there corresponds a set K(¢) < T, containing ¢
(the set of participants directly depending on t), and that the following condition is
satisfied:

(D #,2%,, provided seK(t).

Thus, T is endowed with the structure of an oriented graph and the maximum
problem described above can be viewed as the problem of control by a random field
(z;(w)) on the graph T. Condition (I) implies that the “randomnesses” influencing the
participant t thereby also influence all the participants depending on him.

3°. Throughout below we postulate that A,, t € T, are linear spaces, Z is a convex
set, F is a convex-up functional, and the G,, t € T, are upwardly convex mappings:

G(6z+(1-60)2)=0G,(z2)+(1-0)G,(Z') a.s.
for all z, z’e Z, 6 €[0, 1]. These conditions play a key role in this paper.

* Received by the editors April 16, 1986.
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The results amount to the following. Under certain assumptions linking the
structure of the constraints (1) with the structure of the graph T, we can prove a
theorem on necessary and sufficient extremum conditions, an optimality principle.
(The form of the result in some aspects resembles the Pontryagin maximum principle.)
As an application of this result, we prove a theorem on the stability of optimal controls.

2. Optimality principle. Formulation.
1°. Put se M(t), if te K(s). We denote by K (t) (respectively, M (t)) the set
K(t)\{t} (respectively, M (t)\{t}).
Let us formulate the main assumptions on the model under consideration.
(a) The set Z can be represented in the form
Z: H ZI,
teT
where the Z, are nonempty sets defined for all te T of %,-measurable functions
v:Q->A,.
(b) The functional F of z=(z,)€ Z has the form
F(z)= ) F(z),
teT
where the F, are real functionals defined on Z,.
(¢) The mappings G,(z) can be represented in the form
G()= ¥ Giz), z=(z)eZ
seM(t)
where the G; are mappings defined for t € T, s € M (t) assigning to each function v e Z;
an %,-measurable function G{(v): Q> R™t.
(A1) If v,v'eZ, e %, and

vp(w) = xr(w)v(w)+ (1 —xr(w))v'(w)
(xr is the indicator of the set I'), then
vreZ,  Gi(vp)=xrGi(v)+(1—x)Gi(v).

IfI,,I,, €% and P(I'y) >0, k> 00, then F(vr, )~ F,(v').
For a finite-dimensional vector b=(b',- - -, b") we define |b| to be |b'|+- - - +|b"|.

(A.2) There exists a constant C >0 such that |F,(v)|= C and |G{(v)|= C for all
t, s, and .

(A.3) There is a control Z€ Z such that G,(Z)= §,, te€ T, where 8, are constant
vectors with strictly positive components.

We say that a sequence f,, - - -, f; defines a path of length I from s to ¢ with
respect to the set Sc T if

ties(i__-o’...al), t():S, tl=t9 ti+l€K(ti)ai=Oa.”>l—1'

If there exists at least one path from s to ¢t with respect to T, say that ¢t majorizes s
and write s=t. We put t~s if t=s and s=t We denote by S< the set of elements
te T that majorize at least one element s € S. We call the set S< T connected if, for
any s, t€ S, there is a path from s to ¢ with respect to S.

(A4) Let z=(z,)e Z and let S be connected. There exists a z°5=(z7)e Z with
the following properties: (a) G,(z°)=0 for te S; (b) z, =z} for te T\Sx<.

2°. Let us discuss the assumptions introduced.

(i) We first note that from (a)-(¢) and the convexity conditions formulated in § 1
we obtain the convexity of Z, and the upper convexity of F, and G; for all ¢ and s.
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(ii) Conditions (A.1) and (A.2) hold for example for the following model. To
each we () and teT let there correspond a nonempty set D,(w)< A,, such that
{(w, a): a€e D{(w)}e F, x A,, where o, is a o-algebra defined on A,. Let

fi:QxA,~>R,teT,
be %, x of,-measurable functions and
g OxA;>R™, teT, seM(t),

be ¥, x of,-measurable mappings, where |gi(w, a) = C for all ae Dy(w), se M(1),w €
Q, and

where Eq(w)= C. We define Z, to be the set %,-measurable functions v: Q- A,,
satisfying v(w) € D,(w) a.s. We assume that Z, # J, t€ T, and put

F,(v)=Ef(0,v(w)), veZ; Gi(v)=gi(o,v(w)), veZ

(a model defined in normal form). In this model conditions (A.1) and (A.2) follow at
once from the definitions of Z,, F, and Gj.

(iii) Assumption (A.3) implies that for some Ze€ Z the restrictions (1) in the
extremal problem under consideration hold “with excess” (Slater’s condition). Accord-
ing to (A.4), for any connected set S< T and control z =(z,) € Z, one can vary this
control for t€ S< so as to keep it in the class Z and satisfy the restrictions G,(-)=0
for te S. In § 4 we formulate a condition that assures (A.3) and (A.4).

3°. We denote by ZL(t) and Z,(t) the spaces (of classes) of essentially bounded
and, respectively, integrable &,-measurable functions of w € () with values in R™. We
put £, =[],.; Zi(t) and Lo =11, Lo(t). Analogous symbols with the letter ? in
place of £ denote the cones of non-negative elements in the corresponding spaces;
eg., P={pe¥:p=0}

Let p=(p,) € P, (the collection of dual variables). We consider the functional

H/(p,v)=F(v)+ Y EpG(v)
seK(t)
(the Hamiltonian), where v € Z, and t € T. Under the expectation sign in the last formula
we have the scalar product of the vectors p,(w) and G{(w; v), calculated for each
w e (). We put

Z°={zeZ:G/(z)=0,teT}.

THEOREM 1 (optimality principle). A control z* = (z¥) € Z° is optimal if and only
if there is a p = (p,) € P, with the properties

2) pG,(z*)=0, teT (as);
(3) H,(p, z¥)=max H,(p,v), teT.
veZ,

4°. Let us point out an intuitive consequence of Theorem 1. Consider the model
defined in normal form (see point 2°) and assume additionally that for each te T and
s € M(t) the mapping g;(w, a) is measurable relative to &, X &,. Then

H,(p,v)=Eh,(p; 0, v(w)),ve Z,
where

h(p;w,a)=fi(w,a)+ ¥ pyw)gw, a),p(w)=E(p]|%F),acA,.

seK(t)
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We assume also that each of the measurable spaces A, is standard, i.e., isomorphic to
a Borel subset of some complete separable metric space. Then we can show (e.g., see
[6, Chap. 11, § 3, point 4]) that (3) is equivalent to the relation

(4) h(p; o, 2 (w)) = max h(p; w, a) (as.).

Finally, we assume that the function h,( p; o, a) attains, for almost each w, a maximum
for ae D,(w) at a single point. Then by (4) for known p, the problem of finding an
optimal control (z§) reduces to a family of deterministic problems depending on t and
 as parameters, where each participant t€ T can decide his problem independently
of the others (control decentralization). For this it suffices for the participant ¢ to know
the vector p, and the predictions pi(w)=E(p,|%,) of the vectors p,, s € K (¢)\{t}, that
are comprised on the basis of the information %,.

3. Derivation of the optimality principle.
1°. Consider the functional

L(p, z) = F(z) +(p, G(z))
(the Lagrange functional), where

P=(Pr)€g)1, G(Z)=(G,(Z));ET, ZGZ,

and (x,y)=Y,.r Exy, for x=(x,)e £,,y=(y;) € £». Theorem 1 is derived from the
following assertion.

THEOREM 2. For the optimality of z* € Z° it is necessary and sufficient that there
exist a p € P, such that

(5) (p, G(z*))=0, L(p,z2)=L(p,z%), z€Z

The system of functions p=(p,) in Theorem 2 can be interpreted as a set of
Lagrange multipliers corresponding to the restrictions (1) in the extremal problem
under consideration (cf. [7]).

The proof of Theorem 2 relies on the following general fact, the Kulm-Tucker
Theorem (see [8, Thm. 5.3.1]).

Let 2 be a vector space, ? a topological vector space, 3 a convex subset of ¥,
¢: 3->R' an upwardly convex functional, and  a convex cone in ?). Let y: 3> be
a mapping such that, for all z,z’€ 3 and 6 €0, 1],

y(0z+(1-0)z') = 6y(2) +(1-0)¥(2),

where the inequality y, = y, for y,, y,€ ¥ implies that y, —y,€ .

PROPOSITION 1. Suppose the maximum of ¢ on {z € 3: y(z) = 0} is attained at some
point z* and the following requirement is satisfied :

(S) There is a ze 3 such that y(Z) belongs to the interior of B.

Then there exists a continuous linear functional 7 on §) such that w(y)=0 foryeB
and

e(z)+m(y(2))=e(z%), z€3.
2°. Proof of Theorem 2. By (A.2) we can view z— G(z) as a mapping from Z into
the space ) = %, and by (A.3) there is a 7€ Z such that G(Z) belongs to the interior
of the cone B ={y € L,: y =0}. Consider the space U of all collections z=(z,),.r of
arbitrary functions z,: Q> A, and put 3=2, ¢ = F and y=G. Applying Proposition
1 in this situation, we find that there exists a continuous linear functional 7= = (,),er
on %, for which

(6) F(z)+ ¥ m(G(2))=F(z%), zeZ
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and 7, =0 (ie., m(x) =0 for x € P(t)). According to the Yoshida-Hewitt Theorem
(see [9] or [6, Appendix III]), each continuous linear functional 7, =0 on £(t) can
be uniquely written as a sum 7, =7+ 7/, w; =0, 7/ =0, where the functional = is
absolutely continuous, i.e., representable in the form

7mi(x)=Epx, p.eP(t), xeL(l),

and the functional =/ is singular, i.e., for it we can find a sequence of events 'y € %, k=
1,2, -+, ¢ with the properties

(7) P(I't)~>0, k-oo; m/(xpix)=m((x), xeLu(t), k=1,2,--"

Let us assume for the moment that, for all ¢t e T, the functional 7} =0 and so
@ (x) = 7}(x) =Epx. Then, taking into account the relation =, (G,(z*))=0, which
follows from (6) and the fact that 7, is non-negative we find that Ep,G,(z*) =0,

F(z)+ Y EP:G:(Z)éF(Z*)"' > EPer(Z*),
teT teT
where z € Z. Hence, the set of vector functions p = (p;) is the desired one.

Thus, to prove Theorem 2 it suffices to show that inequality (6) still holds if each
functional r, is replaced by its absolutely continuous part #;. For this in turn it suffices
to prove that in (6) one or more of the functionals =, not coinciding with r; can be
replaced by /.

Let us introduce into the consideration the set

So={t: m #mi}={t: w/ #0}
and take some maximal element of it, i.e., an element s, € S, such that s ~ s, whenever
sZ sy, 5€S,. To see that such an s, exists, it suffices to factor S, with respect to the

equivalence ~ and take a maximal element of the finite partially ordered set Sy/~.
We put S={se T: s~ s,} and note that S is a connected set, and

(8) (S\S)NS==a.

The latter is true since if Sy2t=s€ S, then s~ s, ahd SO t=s,; hence te S.

Let us take an arbitrary z =(z,) € Z. For the control z and connected set S we
construct the control z° = (z?), described in (A.4). We consider the events I'* corre-
sponding to the functionals 7} (see (7)) and introduce the following sets and functions:

r'“= ur;, ¢ =(z}),
seS
9
Z:‘=X1"‘Z§+(1_er)zn k=1323. .

We remark that (i) if 1€ T\Sx, then, by (A4), z5 =z, and so zf =z} = z,; (ii) if
te S-, then IT'* e &,. Indeed, t = s, by the definition of S and hence ' e #, = F, < %,
for any s € S. Therefore, I*=U  _ The &,

From these remarks and condition (A.1) it follows that z¥ € Z, for te T, i.e., z* € Z;
moreover,

G(z)= ¥ Gi(z)= % )[erGf(Zf)+(1—Xr*)Gf(zs)]

se M(t) seM(t
(10) s
= xr+G,(z2°)+ (1= xr+)G,(2),
and
(11) F(z{)> F.(z),

since P(I'*) - 0.
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Once z*e Z, we can apply inequality (6) to z*. Using this inequality and the
definition of S,, we obtain

(12) F(z)+ ¥ mi(G(2)+ ¥ mi(G(z") = F(z%).

teT teSy

We break up the sum over ¢ € S, in (12) into two parts corresponding to the sets S, S
and S,\S. If t€ S,N S, then

(13) 7(G(2) = mi[xG,(z") + (1= xr*) G(2)] = m [xr+G,(2°)] 20

by formula (10), the definition of I'* (see (7)) and the non-negativity of 7/, G,(z°).
If € S,\S, then, by (8), t€ T\S<, and so M(t)< T\S=. Hence

G(z%)= ¥ Gi(z)= AZ“)G’:(ZS)=G,(Z),

seSM(t)

since, by (A4), z5 =z, for se T\S<. From this and (13) we conclude that

(14) Y 7i(G(Z*Nz ¥ 7l(G(2)).
te S, teSo\S
Further, P(I'*) > 0 as k- o0, and so
(15) 71(G(2")) =Ep,[xr+G,(z°) + (1 — xr*) G,(2)] > 7i(G/(2))

by (10) and (A.2). Passing to the limit in (12) as k- o0 and using (14) and (15), we
find that
F(z)+ ¥ ni(G(2))+ ¥ =/(G/(2))=F(z%).
teT teSo\S

This means that in (6) we can replace m, by 7, forall t € S, N S # &. Theorem 2 is proved.

3°. To prove Theorem 1 it now suffices to prove the following assertion.

LEMMA 1. The set of functions p = (p,) € P, possesses properties (2) and (3) if and
only if it possesses properties (5).

Proof. Since p,z0 and G,(z*)=0, (2) holds if and only if (p, G(z*))=
ZzeT EP,G,(Z*) =0.

Further, for any z=(z,) € Z,

L(p, z) - ZT F(z)= ZT EpG,(z)= ¥ Ep, ¥ Gi(z)
te SE

seT te M(s)

= Z Z EPSG;(ZI)9

teT seK(t)

hence L(p,z)=Y,. H/(p, z,), and so L(p, z) = L(p, z*) for all ze Z if and only if
H,(p, z)=H,(p, z¥) for all te T and z=(z,) € Z, i.e., when (3) holds.
Lemma 1 and Theorem 1 are proved.

4. Estimates for the dual variables. ,

1°. Inthe investigation of the stability of optimal controls the main step is obtaining
estimates for the dual variables in the optimality principle. The present section is
devoted to this problem.

Let the following condition hold:

(A.5) There exist controls Z=(Z,) € Z and a positive number & > 0 such that
(16) Y [Gi(4)-8e]z0, e=(1,1,-+-,1)eR™,

seM(t)

and Gi(z,)= Gi(z,) whenever (z,)e Z, t,se T,se M (t) = M(t)\{t}.

We note that (A.5) implies (A.3) and (A.4). Indeed, in (A.3) we can put
(17) 8= Y e =uvbe,

seM(t)

where v, is the number of elements in M (t). In (A.4) we can define z; to be Z, if t€ S<
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and to be z, if te T\S<. Indeed, then z° = (z%) e Z and, for t€ S, we have
G(z%)= ¥ Gi(z))= ¥ Gi(z)+Gi(Z)

seM(t) seM (1)
z Y Gi(Z)+Gi(4)=G,(2)=0.
seM™ (1)

2°. For s,te T,s=t, we denote by I(s,t) the smallest length [ of.a path
to, t1,+,,€T from s to t (if s=1, then I(s, t)=0). To each k >0 we associate the
number
(18) ®(k)=max ¥ «'“",
seT t=s
THEOREM 3. Let z=(z,) be an optimal control and let p=(p,) € P, be the set of
dual variables associated with each other by conditions (2) and (3). Then

2C 2C
1 ré—— s s
(19) E|p/| 5 (D<2C+‘o‘> teT,

where C and § are the constants in (A.4) and (A.5).
Proof. We fix an arbitrary t,€ T. Further, we construct a certain ancillary control
Ze Z (depending on t,) and, applying inequality (5) to Z, we obtain (19) for t = t,.

Put
2C
K=5120" To={t:tzt}, T,=T\T,,
(20) 0 e T,
‘y’={ 0’ te Tl,
(21) 5,='y,z°,+(1—‘y,)z,,5=(z',),teT,

where 6 and 7 are defined in (A.5).

Let us prove the following assertions: (i) Ze Z; (ii) G,(£)=0, te T; (iii)) G,(2) =
de,,.

Since « € (0, 1), we have v, €[0, 1]. Thus, by (20), (21) and remark (i) in point 2°,
§2,z,€Z and Ze Z

To prove (ii), we first consider the case t€ T,. Then M(t)< T,, and so

G(H= I Gili)= T Gi(z)=0,
seM(t) seM(1)

since Z, =z, for se T;. .

Now let t € Ty. Setting G = Gi(Z,), G; = Gi(z,), we transform (16) and G,(z)=0
to the form

Gizée— Y (Gi-8e), Giz- ¥ G
se M (1) seM (1)

Using these inequalities and the upward convexity of the G7(-), we obtain
G(H= ¥ GiZ)z ¥ [%Gi+(1-7)G]

seM(t) seM(t)
zy,[ae,— Y (éf—se,>]+ Y %Gi+(1-v)
seM (1) seM (1)
(22)
-[— > Gf]+ Y (1-v)G;
seM (1) seM™(t)
=vyde+ Y J,
seM™ (1)

where J, = 7.G; +(1-7,)G; — 7,(G; - 8¢,) — (1-7,) G:.
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It suffices to show that J, =0 for se M (¢t). If se T,, then y,=0, and so
J.=vde+v(Gi- G20,

since G:= G for se M™(t) (see (A.5)). If se T,, then y,>0, and J; can be written
in the form

s s

Js=ys[$ ae,+(ﬂ—1)(6f—é~:>].

Since s € M (t), the relation I(t,, t) =1(ty, s)+ 1, holds and so

Yis = Yeys ' = k(o070
can take on only the values x,1, k", k2, - - -. Thus, either y,,=1, and then J,Z0
since G; = Gy, or y,, =k, and then

y: ', = kde,—(1-«)(Gi - G})
=Z[k6—(1-k)2Cle, =0

because of the inequality éfz —Ce,, G; = Ce, and the definition of «.

Thus, (ii) is proved. Assertion (iii) follows from (22) taking into account that
toe Ty and J, =0 for s€ M (t,).

Now applying (5) to Z and using (i)-(iii), we find that

8E|p,| =Ep,be,=Ep,G, (%)
= z EPrG:(Z)g Z [Fr(zt)_Fl(Zt)]

teT teT

étZT v[Fi(z)—-F,(z)]=2C Y v

teT

=2C ¥ «k'o"=2C®(k),

=t
which yields (19). The theorem is proved.

5. Stability of optimal controls.

1°. Let T’ be a subset of T such that M(¢)< T' for all te T'. We modify the
extremal problem described in §§ 1 and 2 by replacing for te T\ T the sets Z, and
functionals F, by some other sets Z) and functionals F)|. We also replace for t,s€
T\T', se€ M(t), the mappings G; by some other mappings G;°. We assume that for
the modified problem, conditions (A.1)-(A.5) hold, just as for the original problem.

Further, we assume that in each of the spaces A, there is defined a norm ||- ||, and
for any v, v'€ Z, the norm ||v—v’'|| is a random variable (r.v.) with finite expectation.
We introduce the following assumption:

(A.6) There is a nondecreasing function {(r) =0, re R}, such that {(r)>0 for
r>0 and, for each te T',

v+o , ,
F(*52) 2 R+ R@/2+ £Elo- o),
for any v, v'e Z,.

Assumption (A.6) implies that the F,(v) are uniformly strictly upwardly convex
on Z,,te T'. For F,(v) of the form Ef,(w, v(w)), where f,(w, a) is some function of
we (), ac A,, conditions assuring (A.6) are given in Chapter IV of [6, § 3].
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Let z =(z,),.7 and z' = (z}),. r be optimal controls for the original and the modified
problems, respectively. In the next theorem we obtain a bound for the number of te T’
such that E||z, — z}|| = e(¢ > 0).

We put

(23) oT' ={(t,s): teT,se K()\T'}

(the set of arcs of the graph leading from T’ to T\T’). The symbol #S denotes the
number of elements of the finite set S.
THEOREM 4. For any £ >0 we have

' , . 4C? 2C

(24) #{te T E|z,—z||=e}=(#0T") 6{(€)¢(8+2C),
where the constants C and & are defined in (A.2) and (A.5) and the functions ®(-) and
Z(+) in (18) and (A.6).

We emphasize that the bound (24) does not depend on the number of elements
of T and T'. Thus if the number # T’ is large while #4T"' is bounded, then by (24)
the portion of the te T’ such that E||z,—z/|| = ¢, is small. In this sense, an optimal
control (z,) on T’ is stable with respect to variations of the data of the problem outside
T' (cf. [6, Chap. IV, § 4]).

2°. To prove Theorem 4 we consider the sets of dual variables p = (p,) and p’ = (p}),
corresponding, by Theorem 1, to the solutions of the original and modified problems.
We put

P:(Z:, Z:) = H:(P, Zl)_ H:(P, Z;)

By (3), this quantity is non-negative and vanishes for z, = z|. In the subsequent reasoning
it will play the role of a “natural measure of the deviation” of z, from zj.
LEMMA 2. The following inequality holds:

(25) Z P,(Z,, r)—- Z E(Ps‘Pé)[G;(Zr)—Gi(Z:)].

teT’ (t,5)edT’

Proof. By the definition of H,, for any w=(w,) € Z, we have
(26) J= Z [H(p,w)-F(w)l= L ¥ EpGiw).

teT' seK (1)
The set of (¢, s) over which the summation is performed here can be divided into two
parts: 3T’ (see (23)) and
{(t,s):teT,seKO)NT}t={(t,s):se T, te M(s)},
where the last equality is valid since M(s)< T’ for se T'. Hence,
(27) J= Y EpG; (w,)+ Z Ep,Gi(w).

(1,5)edT’
Using (26) and (27) and also the relations
Ep,G,(z)=0, Ep,G,(z')=0,
valid in view of (2) and the non-negativity of G,(z'), s€ T', we obtain
(28) Y [H(p,z)—H/(p z)]= E [F(z)-F(z)]+ Y Ep[Gi(z)-G(z)]

teT’ (,s)edT’
This formula will remain valid if p=(p,) is replaced by p'=(p;) and the places of z,
and z; are switched. Performing this operation and transforming the resulting inequality,
we find that '
(29) Z [F(z)-F(z)]= Z [H(p',z)-H(p',z)]+ ¥ Epi[Gi(z)-Gi(z)]

(t,s)eaT’
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Comparing (28), (29) and noting that H,(p’, z,) — H,(p', z}) =0, te T', by (3), we arrive
at the desired inequality (25).

3°. Proof of Theorem 4. From Theorem 3, Lemma 2, and (A.2) it follows that
8C? 2C
! < '
(30) 3, e = S o(5257),

Since the difference H,(p, v) — F,(v) is an upwardly convex functional, H,(p, -) satisfies
(A.6) (with the same {(-)) whenever F,(-) does. Hence, by (3),

H(H(p, z)+H/(p,2})) = H(p, (z,+2)/2)— {(E||z, — z}]))
= Hr(Pa z,)—-g’(Ellz, - Z;“)a te T
Therefore, {(E|z —z}||) =3(H,(p, z.) - H,(p, z})), and so

1
#{te T'1E||Zr—25||%€}§(€)§ ZT g(E"Z,—Z:”)ii ZT pi(z, 1),
te T’ te T’

which together with (30) leads to (24).

6. Some additional results. Applications.

1°. Let us indicate sufficient conditions for the existence of optimal controls. We
consider the general model as described in the introduction. As everywhere else, we
assume that this model possesses the convexity properties formulated in point 3°, § 1.

ProOPOSITION 2. Let the following conditions hold :

(a) For each te T, the space A, is a finite-dimensional Euclidean space equipped
with a Borel measurable structure.

(B) ThesetZ°={ze Z: G,(z)=0, t € T} is nonempty, closed in the space of controls
with respect to convergence a.s. and is bounded in the norm E|z|.

(y) The functional F(z) is upper semicontinuous on Z° with respect to convergence
a.s.

Then an optimal control exists.

This assertion is a simple consequence of Theorem 7.2 in [10]. For the model
defined in normal form, conditions (B8) and () hold for example if with probability
1 the sets D,(w) are closed in A,, the functions f;(w, a) are upper semicontinuous for
a e D,(w), each of the coordinates g{"'(w, a) of the vectors g;(w, a) is upper semicon-
tinuous for a € D,(w), and there is a function r(w) such that Er(w) <oo and |a| = r(w)
for a € D,(w).

2°. Let us say a few words concerning the interpretation of the model described
in terms of the mappings Gy (see § 2). Let us assume that each coordinate of the vector
Gi(z), te K™ (s), characterizes the magnitude of a flow (liquid, energy, economic
resources, etc.) directed from the vertex s of the graph T to the vertex ¢ under the
selected control z =(z,). Then the relation G,(z) =0 rewritten in the form

-Gi(z)= Y Gi(z),
seM (1)
acquires the following meaning : the magnitude of the total flow entering the vertex ¢
must be not less than —G/(z,). Here it turns out to be possible to offer an intuitive
interpretation of condition (A.5). It can be reformulated as follows. There exists a set
of vectors (y;(®))iersem-(r) (@ minimal flow program) with the following properties:
(a) Gi(z,)= v for all (z,)e Z and se M (t);
(b) for some control (z;) € Z,
Gi(Z)=vi; —Giuf)+ée,= ¥ [Gi(Z)—8e], 8>0.

seM (1)
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Condition (a) implies that any control (z,) € Z must assure minimal levels of the flows
v;. According to (b), a program of minimal flows can be realized satisfying the
restrictions (1) “with excess.”

3°. We note that certain dynamic models are included in the scheme under
consideration. To wit, let T={(n, b): be B,,n=1,2, -, N}, where the B, are finite
sets defined for all n=1,2,---, N. Let t—K(t)< T, te T, be a mapping such that
n’> n whenever (n’, b') € K(n, b) and (n’, b’) # (n, b). Here the set B, defines the class
of control participants who make decisions at time n. The mapping (n, b)— K(n, b)
describes the structure of the interactions between the participants at various moments
of time.

Let us examine Theorem 4 as applied to the present model, assuming that

T'={(n,b)e T: n=N'}, N'=N,

#B,=C,and #3T'= C,, where C, is a constant. In this situation one can substantially
simplify estimate (24). Indeed, I((n, b), (n’, b"))=n'—n for (n', b') = (n, b), and so

1
d(k)= max Y K”‘""(#B,,)§CO-1-:.

1=no=N n=ng
From this and (24) we find that
4C3C*(86+20)

(31) #{te T E|z,—z||ze}= 5°2(2)

(cf. the main line theorem in [6, Chap. IV]).

4°. Let us give an example in which our control scheme can be given a concrete
content. This example deals with mathematical economics. The model described below
generalizes the models of [11] and [12] (cf. also [13]) to the case of an oriented graph.

We assume that the sets Z, se T, and mappings G, t€ T, se€ M(t), have the
following special structure. The elements of the set Z, are collections of non-negative
(a.s.) #,-measurable random vectors v = (X, (J)ck(s)), Where x has dimension m,, and
¥, dimension m,. For v =(x, (y;);ck(s)) € Z, the value of the mapping Gj(v) is given
by the formula

N Vi if te K™ (s),
G(v) =
() {m—x ift=>s

where h, is a random m,-dimensional vector defined for each se T. The extremum
problem has the form: find a control

(32) Z=(ZS)=((XX, (yst)reK(s)))seTa
maximizing the functional F(z) =} _, F,(z,) under the restrictions
(33) h,+ Z Vot = X,

seM (1)

We assume that the structure of the graph T is the same as in point 3°. We can
assume that, for each t =(n, b) € T, there is a participant b € B,, acting at time n. If a
control (32) is selected and if

s=(m,c)eT, t=(n,b)eK(s)

are two vertices of T, then x, are the expenses of the participant ¢ at the time m, while
¥« is the output produced by him and sent to participant be B,, who acts at time
n=m. The sets Z, describe the technological restrictions: Z, includes all admissible
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collections (x, (¥,),ck(s)) Of cost and output vectors. Inequality (33) implies that the
costs x, do not exceed the sum Y, _ m- Y and a certain “additional amount” h, (the
positive coordinates of h, correspond to the additional arrival of resources, the negative
ones to the removal of resources).

The conditions that were imposed earlier in the general situation can be naturally
translated into the language of this concrete model. We only comment on condition
(A.5) (assuring fulfillment of (A.3) and (A4)). Here condition (A.5) is formulated as
follows: in the class Z we can indicate a control z = (Z,) e+ = ((¥;, (Pst) ek (5)))seT> SUCh
that, for some 6 >0,

(34) h+ Y (Ju—0e) =X +de,

seM (1)
and, for all se T, (x;, (Vs)rek(s)) € Z;, We have
ystzj;st, se M (1).

This means that for any admissible way of controlling the system, all the outputs
Ysi, $ € M7(t), must not be smaller than certain prescribed levels y,,. But the latter can
always be realized in such a way that (34) is satisfied.

Applying Theorem 1 to this model, we obtain the criterion of optimal control
formulated in terms of the system of dual variables (prices) p = (p,);cr- From this it
follows that if z* =(z¥),.+ is an optimal control, then, for each t e T, the functional

(35) E(v)+E[( 2 psys) —p,x,]

se K™ (1)
attains a maximum over all v = (x, (y,);c k() € Z, for v = z¥. The quantity in the square
brackets in (35) can be interpreted as the ““profit” (this quantity is equal to the difference
between the volume of outputs and volume of costs in the prices p).

Let us show the kind of application for which Theorem 4 is designed. We assume
that at some time ny, 1 = ny= N, substantial changes can occur in an economical system
(associated, say, with the appearance of new technological possibilities), which lead
to changes of the sets Z; and functionals F; for all s =(m, ¢), no,=m= N. We do not
know the precise value of n,; we merely know that n, can belong to some interval
[N’, N]. Also not known precisely are the new sets Z and functionals F; for s=
(m, ¢), no=m= N; we know only their most general characteristics: the constants C,
6 and the quantity {(¢). It is required to say how much the optimal controls (z,) and
(z}) corresponding to the old and new conditions can differ for t=(n, b),0=n=N".
To analyze this problem it turns out to be useful to use a consequence of Theorem 4,
inequality (31), permitting us to calculate the least upper bound for the number of
t=(n,b),0=n=N/’, such that E|z,—z||| = &.

The main results of this paper were announced (in a somewhat different form)
in [14].
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