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OPTIMAL STOCHASTIC PROGRAMS AND THEIR
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In this paper we investigate the probabilistic analogue of Gale’s economic
model (Gale [1967]), first introduced by Dynkin [1971, 1972, 1974]. In
Dynkin papers the case of a finite interval of programming is dealt with:
an optimal program is constructed and a system of stochastic prices, the
so called stimulating prices, are defined and constructed. In our paper
we prove the existence of an infinite strongly optimal program and its
stimulating prices under the assumption that random factors occurring in
the model are stationary. By a strongly optimal program we mean one
which overtakes other programs (in the sense of Ramsey [1928], Weiz-
sacker [1965]). In the deterministic case corresponding results have been
obtained by Gale [1967] and Brock [1970].

An important role is played by stationary programs, i.e. programs which
prescribe to act the same under the same circumstances, independently
of the moment of time. We prove the existence of the best program in the
class of all stationary programs, the so called turnpike, and its stimulating
prices. Those prices are important for the construction of the strongly
optimal program. They are also used in proofs of several theorems expressing
the fact that optimal programs are, in a sense, close to the turnpike.

Some results concerning the existence of optimal programs and their”
stimulating prices are obtained without the assumption of stationarity.
These results comprise, in particular, the “discounted” case. They are close
to the paper by Tacsar [1974].

§ 1. Introduction

1.1. The basis for our considerations is Gale’s economic model [1967],
in which pairs of non-negative n-dimensional vectors (x, y) are regarded
as production processes: x is the input vector and y is the output vector.
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220 I. V. EVSTIGNEEV

In the class of all production processes we distinguish a subset .7, further
on called the rechnological set (or technology). Its elements are viewed
upon as technologically admissible production processes. Moreover,
a function wu(x, »), in the sequel called the utility function, is defined on the
set 7 ; this function characterizes the benefit achieved by the production
processes In question.

We assume that:

I.1LA. The set 7 is convex, compact and contains the origin:

1.1.B. The function u(x,y) is continuous and concave.

1.2. We shall be concerned with a model which differs from that de-
scribed above in that the technology and utility are assumed to be variable
in time and that their values 7, u, at moments ¢ = 1,2, ... depend on
random factors. More precisely, we presume that we are given a stochastic
process ..., S_y, Sg, 51, ... (Whose values may be regarded as states of eco-
nomic conjuncture, of the enviroment etc.) and that 7, , depend on the
history of this process up to the moment ¢:

= FA5Y, = g5t ), (1.1)

where ' = (..., S—1, 5).
The parameter s, takes values from a measurable space S (the measurable
structure of S is defined by a fixed g-algebra %). We observe the process s,
and know the whole past s' at each moment r. Moreover, the measure P

on the space £ of all trajectories {s,}, corresponding to the process s,,
is supposed to be known.

1.3. We first consider the deterministic case, in which 7, u, do not
depend on s' (i.e. S consists of a single point). We shall formulate some
definitions for such a model and then show how they can be extended to
the general case.

Let y, be a non-negative #-dimensional vector and let z; = (x,, y,),
..+ Z = (x;, ). ... be production processes. The sequence E=dpo 2y
Zy, ...} will be ca]!ed an (infinite) program if

Ze€T,, Y12 X (1.2)
holds for t = 1, 2, ... A finite program is defined similarly; just 7 is assumed
to take the values I, 2, ..., N only. The vector y, will be called the initial

vector (or the vector of initial resources) of the program £.! The first condi-

s ! el
It is convenient for us to regard the initial vector as an element of the program,
contrary to the usual notation in the literature.
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tion of (1.2) expresses the technological admissibility of the processes z,;
the second one is a restriction in resources: in each step the input should
not exceed the output in the preceding step.

A finite program {y,, z;, ..., zy} Will be called optimal if it maximizes
the value of u,(z,)+ ... +ux(zy) in the class of all programs of equal length
with the same initial vector. Infinite optimal programs are defined similarly
if the sums u,(z,) +u2(z;)+ ... make sense for every program. In the case
when the above series are not necessarily convergent, we use the following
definition (Ramsey [1928], Weizsicker [1965]). A program {yo, i, 23, ...}
is said to overtake another program {yo,Zzy, Zz, ...} if w(z))+ ... +
+un(zy) < uy(z;)+ ... +un(zy) from some N on. A program is called
strongly optimal if it overtakes all programs with the same initial vector.

e2)

Note that if the series . u,(z,) converge, then a strongly optimal program
=1

is optimal. On the other hand, if an optimal program is unique, then it is
also strongly optimal.

The existence of finite optimal programs clearly follows from the con-
tinuity of u, and the compactness of 77,; the existence of infinite ones can

easily be proved if the series Z u,(z,) converge uniformly (i.e. if we have for
=1

T, |u(2)| € q,, with Z g, < ®). The existence of strongly optimal
programs has been proved, under some additional conditions, in Gale
[1967], Brock [1970] for models where Z and u are constant in time.

1.4. In the stochastic case it is natural to call a program any sequence
of functions {yo(s°), z;(s"), ..., z(s"), ...} whose values for all ¢ and s'
satisfy conditions (1.2). Such a program requires that at a moment 7 > 1
in the situation s' one should carry out the production process z,(s). (The
initial resources y, depend on the history s°.) Optimality and strong opti-
mality are d.fined just as in the deterministic case with the only difference
that #,(z,) should be replaced by fi(z) = Eu,(s‘, z,(s")), the mathematical
expectation. In order that those expectations should make sense, we include
in the definition of a program the measurability condition for the func-
tions yo(s°), z,(s") ' and i unpose the following conditions concerning 7 (s"),
u(st,z)fort=1,2,

1.4.A. The function U,(s', z), defined as — o0 for z ¢ 7 ,(s") and u(s", 2)
for z € 7,(s", is jointly measurable in (s, 2);

' Tn the sequel all the occurring functions of s' are assumed to be measurable. Meas-
urability is regarded with respect to the g-algebra ... % % x 9 in the space ... x 8§ x §.
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1.4.B. For all s' and ze 7 ,(s") we have
lu (5%, 2)| < q.(s"), where Egq,(s") < oo.
Furthermore, we assume that

1.4.C. 7,(s") € {z: |z| £ C},! where the constant C does not depend
on f, s

Two programs {yo, z;, ...} and {34, z1, ...} will be called equivalent
if yo(s°) = po(s°) almost surely (a.s.) and z,(s") = z/(s") as. fort = 1, 2, ...

The results on the existence of the optimal and strongly optimal
programs in the stochastic case are described in Theorems 1.1-1.3.

TueoreM 1.1: In the class of all programs {y,, z,, ..., zy} with N and
yo fixed there exists an optimal program.

TaeorREM 1.2: If the functions u,(s%, z) fulfil the condition
mﬂ
lu (5", 2)| € q.(s"), where Z,Eq,(s') < oo, (%)
t=1

then the class of all programs {y,, z;, ...} with po(s°) fixed contains an
optimal program.

Under assumptions different from 1.4.A-1.4.C, analogous results have
been obtained in Dynkin [1971, 1972, 1974], Tacsar [1974]. Theorem 1.2
comprises the “discounted case™: w, = u(s', z)A", where 0 < 4 < 1.

We now formulate conditions for the existence of strongly optimal pro-
grams. A vector ¢(s°) will be called uniformly positive if ¢(s') = 6, where
0 is some positive vector, independent of s". A vector y,(s°) will be called
sufficient either if it is itself uniformly positive or if some uniformly positive
vector can be produced in finitely many steps starting from the vector
¥o(s°); ie. if there exists a program {y,, (x, ), ..., (Xx, ¥x)} such that
yn(s¥) = 6 > 0. We shall call a model stationary if the process s, is station-
ary and if the technology and the utility do not depend explicitly on ¢, i.e.

Teo=F6D, w=uls 2 (1.3)
In the sequel we assume the following:

1.4.D. There exists a production process (¥, y) (independent of ¢#, 5°)
such that

(a) (%, y) e T ,(s") for all ¢, s;

(b) x < .

! The symbol |z| denotes the norm of the vector z. Unless otherwise stated, we assume
z| = mz:xlz i,
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Conditions (a) and (b) mean that the process (¥, y) is feasible under
any circumstances and that the output is greater than the input (in all
coordinates).

TueoreM 1.3: If the model is stationary, the utility function is strictly
concave and the vector y, is sufficient, then there exists a strongly optimal
program in the class of all programs with the initial vector y,. This program
is unique up to equivalence.

1.5. A system of prices is defined as any sequence of non-negative
functions p,(s) (t = 1,2, ..., Nor ¢ = 1,2, ...) with values in R" and such
that E|p,| < oo. Instead of “a system of prices” we shall also simply say
“prices”.

Let {pi,ps,...; be prices, let z= (x,y)eT,(s) and p,.,(s"
= E(piy1(s*1)|s"). According to Dynkin [1974], the quantity

0,(s", 2) = u(s", 2) + P11 (5)y—p.(s") x

will be called the reduced utility of the production process (x, y). Its value
is the sum of the utility «(s', z) and the expected profit p,. ,(s")y—p,(s")x.
We shall say that the prices p,, pa, ... stimulate a program & = {y,, z,, ...}
if for t =1, 2,... we have:
L5.A. max o,(s, 2) = v,(s, z(s)) as.,
ZE T ((sY)
1.5.B. p(s) (-1 (5" —x(s)) = 0 as.

The above conditions express the facts that the program & at each step
a.s. maximizes the reduced utility and that the cost of oversupplied re-
sources at each step equals zero a.s. In the case of finite length we shall
say that the prices {p,, p., ..., py} stimulate a program & = {po, 2, ..., zy}
if 1.5.A and 1.5.B hold for r=1,2,...,N and py,, = 0 (cf. Dynkin
[1974]). Finally, we shall say that prices stimulate a family of programs
if they stimulate each program in that family.

THEOREM 1.4: Let y, be a uniformly positive vector. Then:

(a) for any N there exist prices stimulating the family of all optimal
programs of length N with the initial vector y,;

(b) under condition (%) of Theorem 1.2 there exist prices {p,} stimulating

! Theorem 1.3 extends the results of Gale [1967], Brock [1970] to the stochastic
case. In the deterministic case the conditions formulated are much the same as in Brock
[1970].
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the family of all infinite optimal programs with the initial vector y, and
such that Y. Elp,| < oo

(c) if the model is stationary and the utility function is strictly concave,
then there exist prices stimulating the strongly optimal program with the
initial vector y,.

We point out a simple but useful corollary to the definition of stimulating
prices. Let z = (x, y) € 7,(s') and let y" € R". Put

g(s'z,y) = ur(sl: z)'!'ﬁr-pl(st)y_P!(st)y" (1.4)
For a program {yo,Zz; = (X1, 1), ---}» &(%,yi—1)? is the sum of the

utility ,(z,) and the expected increment of the output (in the prices {p,}):

ﬁl+1)’c"PrJ’:—1-
The following relation holds true:

82 ¥e—1) = 0l2) = Pi(Yr-1 — X0). (1.5)
Hence and by 1.5.A and 1.5.B easily follows:

ProposITION 1.1: If the prices {p,} stimulate a program {y,,Zz,
= (X, 71), .-}, then for any other program {yo,z; = (¥1, 1), ...} we
have:

&z, ¥1-1) < 820, Yi1) as.
fort=1,2,...

1.6. We now consider the stationary model. In such a model an essential
role is played by stationary programs. A program {yo, z;, Z;, ...} is said
to be stationary if it is generated by some function z(-) = (x(-), ¥(+))
in accordance with the formulae

z(s") = 2(s"),  yo(s°) = ¥(s°). (1.6)
We remark that those and only those functions z(-) generate a stationary
program which satisfy

z(s®) e T(s?), ¥(s°) = x(s7) (1.7)

for all s'. For a stationary program & = {y,, z,, ...} the quantity F(£)
= f,(z,) (see 1.4) does not depend on ¢.

THEOREM 1.5: There exists a stationary program maximizing F(&) in
the class of all stationary programs &£.

1 Cf. Dynkin [1971, 1972, 1974], Tacsar [1974].
2 We write, for brevity, g.(z;, y,-1) instead of gi(s%, z¢(s"), -1 (s*™")) and u(z)
instead of u,(s", z,(s*)) etc.
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We say that prices {p,} are stationary if p,(s") does not depend explicitly
on 1: p, = p(s').

TuroreMm 1.6: There exist stationary prices stimulating the family
of all stationary programs maximizing F(£).

If the program of Theorem 1.5 is unique up to equivalence, then it
will be called the turnpike and will be denoted by E = {Jo. 21, Z2s.on- )
(Program & is determined if, e.g., the function u is strictly concave.)

1.7. We shall prove some theorems showing that optimal and strongly
optimal programs are, in a sense, close to the turnpike.

We say that u(s', z) is uniformly strictly concave with respect to z € 7 (s")
if for every & > 0 there exists a § > 0 such that

U(S', Zy ';:22) > ﬂ"" “(S‘, zl)'zl"u(s’: 22)

for all s* and all z,, z, € 7 (s") with |z, —z,| = &.
TuroreM 1.7: Let & = {yo, z;, ...} be a strongly optimal program with
a sufficient initial vector. If the function u is strictly concave, then

Elz,—z| -0 (1.8)
and if w is uniformly strictly concave, then
z,—z, = 0 a.s. (1.9)

THeOREM 1.8 (cf. Radner [1961], Makarov and Rubinov [1970]): Let
e >0, let y, be a sufficient vector, and let {yo,zi}, {yo,2%,23}, s
{Yo,2Y, ..., 2N}, ... be optimal programs. Let fy (resp. fy) denote the
number of those t’s from the interval 1 < ¢ < N for which E|z}—Z,| = ¢
(resp. |z —Z,| = €) holds. If the function u is strictly (resp. uniformly
strictly) concave, then the sequence fy (resp. Efly) is bounded.

Note that if the sequence Efly is bounded, then the sequence 0 is bounded
in probability, i.e. for any 8 > 0 there exists ¢ such that for all N: P{fy < c}
> 1—f4. This means that any optimal program with probability close
to the unit is near the turnpike all the time except the bounded number
of moments.'

1.8. We assume our model to be stationary and the function u—strictly
concave. A bounded sufficient vector y, is fixed.

! Comments on Theorem 1.8 will be continued in Section 5.6.



226 I. V. EVSTIGNEEV

We shall show how to construct a strongly optimal program with the
initial vector y,.! Let {p,} be stationary prices stimulating the turnpike,
let & = {yo,z,,...) be any program with the initial vector Yo and let
8(z;, y:-,) be the sum of the utility and the expected increment of the
output in the prices {p,}, as defined in (1.4). We shall regard the number
Egi(z;, yi-1) as a characterization of the quality of the program & at the
moment 7. The quality of any program does not exceed that of the turnpike
(in virtue of Proposition 1.1); the non-negative numbers

0,(8) = Egy(Z, Yeoy)— Egi(20 yi_y) (1.10)

show how much £ is worse than & We have to minimize the sum of those
numbers:

o(§) = 26,(5) (1.11)
=1

A program £ which realizes the minimum of the functional 8(£) in the class
of all programs with given initial resources will be the desired strongly
optimal program. We show that (a) £ exists; (b) 8(8) < (c) Eis unique
up to equivalence. The strong optimality of £ can be easily proved in view
of (c) and the following

PropPOSITION 1.2: For any program & = {y,, z,, ...} with given initial
resources y, we have:

D UG~z = &) - 5(D). (112)
=]

Programs for which 6(£) < o« holds will be called good ones. This
definition is equivalent to the following one: a program {y,, z,, ...} is

N
good if and only if the sums Z[ fi(z)—fi(z,)] are lower bounded.?
=1

The assertion (b) wiil~ be proved if we show that good programs exist
(for if & is good then (&) < 8(&) < o). We shall then deduce Proposition
1.2 from (b) and the following property of good programs. Those programs

! We remark that a construction of a strongly optimal program with the initial
vector yo bounded (as assumed) easily yields the existence of such a program for an
arbitrary yo (under the conditions of Theorem 1.3). This will be shown below, see Lemma
2.3.

2 In the deterministic case the latter definition coincides with Gale’s definition of a
good program (Gale [1967]).
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approach the turnpike, precisely as was the case with strongly optimal
programs:

Tueorem 1.9: The assertion of Theorem 1.7 remains true for any good
program £.'

1.9. The above considerations concern the case of a stationary model;
this is a rather restrictive assumption. Therefore we show how certain
models of “stationarily expanding” economy can be reduced to stationary
models; namely, models for which

T = MsNT (), ulshz2)=u (s’ (1.13)

2l
")
where A'(s") = A(s') ... A(s"), A(*) > 0 and the process s, is stationary.
From (1.13) we may proceed to a stationary model observing that the
sequence

Yos Z1 = (X1, ¥1)s ooy 2 = (X 31)s -

is a program in the original model if and only if the sequence

r y ! X y
Yo: 21 = (JC], _Eif)s ey Zg = (F—'_gs T:),

is a program in the stationary model defined by
LY £ &\ . X 4
76 = {0 (y507) e 70l

171 = T X
wisth,x,y) = u(s,T(s,—),y),
and we have
u'(s', zi(s) = u, (s, z,(s")).

1.10. In the preceding considerations we assumed that the values of
s, were defined for all integers 7. This is justified when s, are treated as
states of nature influencing states of economy, but need not be the case
in many other situations {for instance, if we regard s, as states of technical
and scientific progress (Dynkin [1971, 1972, 1974])}. Moreover, it can hardly
be expected that our information comprises as much as the entire infinite
history s".

Therefore we shall now replace the above model by one in which we
are given a stochastic process

S_os Somgp1s S_mg2y - (].14)

* In the deterministic case the outlined proof of Theorem 1.3 is close to Brock [1970).
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such that at the moment ¢ we know the history s', = (5 . )
and that —2s Sy aens ),

Te= T, u = u(s',, 2) (1.15)

h(?lds. The fixed moment —x < | will be called the origin of history. As
will be shown, the model (1.14), (1.15) often reduces to that discussed :I;ove
(the latter being nothing else than the case y — o),

-For an « < oo, similarly as for « = oo, we define: (a) programs and
prices, (b) stimulating prices, (c) optimality and strong optimality, (d) suffi-
ciency of the initial vector. To this end we just replace s by s: in the
co?responding definitions of 1.4, 1.5, Thus, for instance, prog;:ms and
prices are defined as sequences of the form {y,(s°,), =z (1) ! and
(P15, P52, ... B - chlke

A model with the origin of history — x is saj i i
i g g Ory —a 1s said to be stationary if the process

T1=96L), T, = T(2251)s s T, = TS i o Yorvy (1.16)

U = u(sly,py, 2). (1.17)

Replacin-g s* by s, in hypotheses 1.4.A-14.D and Theorems 1.1-1.4

we obtain corresponding hypotheses and theorems concerning the model

(1.14), (1.15); we denote them by 1.4.A%-1.4.D% Theorems 1.1%-1.4%
THEOREM 1.10: Theorems L1% 1.2%, 1.4%a), 1.4%(b) hold true; more-

over, if the process o, = 8 au iy 18 Markovian, then Theorems 1.3* 1.4%(c)
are also true. )

For instance, Theorem 1.3* in the case o — —1 asserts the following:
If the process s, is stationary and Markovian, 7, = 7 (s2), w, = u(s z).
the function u(s,, z) is strictly concave and y, is some constar;t su&i::::ent'
vector (independent of random factors), then the class of al programs
{0, 2:(51), 22(s,, $2), ...} contains a strongly optimal one.?

Let us observe that Theorems LI% 1.2% 1.4%(@), 1.4%(b) can easily be
dedl.fced from the corresponding theorems for o — oo, applied to the mod-
el with the origin of history — oo, defined by formulae (1.15) and the pro-

cess ..., . i i
§s s 8y 55800 _s_¢+, s ---, Where s_,, S-z+1, ... 1s the given process and
s 1s any fixed point of S,
iy _ . .
nthe case « = —1 we write formally y, = Yols2 ) if v is a constant vector (inde-

pendent of {s}).

? Theorem 1.10 comprises the r i
_ m 1. esult on the existence of strongl optimal
published (without proof) in Evstigneev [1972]. S SR e,
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Consider the stationary model (1.14), (1.16), (1.17) and denote this
model by M. Let us extend the process 5_,, S_,y,... to a stationary
Process ..., s_,, Sy, 8y, ... infinite on both sides. This process together
with (1.16), (1.17) defines a stationary model 9 with the origin of history
—o0. The following theorem expresses the fact that optimal and strongly
optimal 9M-programs! are close to the turnpike of the model 9M. Theorems
1.7, 1.8 applied to the model M, will be denoted by 1.7% 1.8* and the
symbol & = {J,, Z;, Z,, ...} occurring in those theorems will denote (in
Theorems 1.7%, 1.8%) the turnpike of the model M.

Tueorem 1.11: If the process o, is Markovian then Theorems 1.7%,
1.8* hold true.

We emphasize here the fact, that for « < o, £ is not a stationary pro-
gram of the given model M, as was the case for « = co. It may happen that
for « < oo there exist no stationary 9M-programs approximating optimal
or strongly optimal programs. (In the case o < oo, stationary programs
are defined as those programs {y,, z,, 2, ...} in which z, = z(s,).) On
the other hand, & may be regarded as the family of M-programs £(s~*1)
= {yo(s7*1, 5%, z,(s7*°1, 51,), ...} depending on a random parameter
s~*=!. In this regard, & is a randomized M-program.?

We shall now show how Theorems 1.3% 1.4%(c), 1.7%, 1.8% can be reduced
to the case o = co. Any 9M-program can be viewed as an 9M-program.
In the class /7 of all programs of the model SR such programs form a sub
class /1. We shall say that a program {y,, z,, ...} is dominated by a program
{yo, 21, ...} if £i(zD) = £i(z).

ProrosiTioN 1.3: Let the process o, be Markovian. Then every m-
program of the form {y¢(s%,), z,(s'), z2(s?), ...} is dominated by some
program {y,(s%,), z1(s1,), z3(s25), ...} of the class /7. We may take as z;(s")
some versions of the conditional mathematical expectations E(z,(s')ls‘_,).

This clearly implies that: 1) among all strongly optimal 9R-programs
with a given initial vector of the form y,(s%,)? there exists a program
of the class /T; 2) (strongly) optimal St-programs are also (strongly) optimal
M-programs. From 1) and Theorem 1.3 immediately follows Theorem
1.3%; from 2) and Theorems 1.7, 1.8 easily follow Theorems 1.7%, 1.8%

! 9i-programs stands for: programs in model 9.

* A program is called randoemized if it prescribes to act at random, with a given
probability distribution.

* Any two such programs are equivalent.
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Theorem 1.4%(c) is obtained from 1.4(c) and the following

ProposITION 1.4: If the prices {p,(s')} stimulate a program & of the
class 71, then also the prices {E(p|s",)} stimulate &.

We may note that also in the case « < oo certain non-stationary models
can be reduced to stationary ones, similarly as for o = oo, see 1.9. Namely,
this concerns models of the form

Ty = Mo)Mas) .. Mo)T (o), w=ulo o>
' (01)A(02) (0)7 (0. w=u (g, Ma,y) ... Aa) ).
where S oy S_myqs oen is a Stationary process and o, = Sl‘“'“_"

1.11. In Section 2 we prove some technical lemmas, in Section 3— a few
lemmas of functional analysis and Theorems 1.1, 1.2. In Sections 4-6
we prove the results of 1.6-1.8, in Sections 7, 8—Theorem 1.4. Section 9
contains proofs of the results of 1.10.

I wish to express here may deepest gratitude to E. B. Dynkin for his
help during the writing of this paper. The terms “stimulating prices” and
“reduced utility” are due to him, as is also the way of setting out the con-
siderations of 1.8.

§ 2. Three lemmas

2.1. In this section we prove three lemmas which will frequently be used
in the sequel. The first one gives an alternative definition of stimulating
prices. The second establishes the connection between programs and
sequences {yo, Z;, ...} which differ from programs in that they satisfy
the conditions z, € 7, y,_; = x, a.s. only. The third lemma shows that in
the proofs of Theorems 1.1-1.4, 1.7, 1.8 the function y,(s°) may be assumed,
without loss of generality, to be bounded.!

2.2. We define Q, as the class of those functions z(s") for which z(s")
e 7 ,(s") holds.

LemMA 2.1: Prices py, p,, ... stimulate a program {y,, z,, z,, ...} if and
only if:

2.2.A. For all functions z = (x, y) € O, we have
[:(@)+Ep, . y—Ep:x < fi(z,) +Ep 1 yi—Epixi; (2.1)
2.2.B. Ep(yi_1—x;) = 0.

! Proofs of the lemmas may be omitted at first reading.
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A finite system of prices p,, ..., py stimulates a program {Yos Z1s -3 Zn}
if and only if conditions 2.2.A, 2.2.B are satisfied for 7 = | e R, |
and Py.; = 0.

Proof: It suffices to verify that 2.2.A is equivalent to 1.5.A and 2.2.B
is equivalent to 1.5.B. The latter two conditions are equivalent, since
pi(ye1—x) = 0. 2.2.A follows from 1.5.A in view of the fact that the left-
and the right-hand sides of (2.1) are respectively equal to Ev, (s, 2(s"))
and Ev, (s', z,(s*)). In order to prove the converse statement, we observe
that the function V,(s', z), defined as z,(s", z) for z € 7,(s") and — 0 else-
where, is, by 1.4.A, measurable jointly in (s, z). Then we employ the follow-
ing fact:

If V.(s', z) is measurable in (s, z) then there exists a measurable function
z/(s*) belonging to the class O, and such that

max o,(s%, 2) = #,(s', zi(s")) as. (2.2)
zeF (57)
This statement easily follows from Rockafellar’s results [1969], Th. 5,
Cor. 4.3, and from the fact that 7 .(s%) contains a fixed point independent
of s (see, 1.1.A). _

In order to deduce 1.5.A from 2.2.A, we consider the function z;(s")
and remark that, by (2.2), v.(z) < v.(z) as., and that, by (2.1), Ev,(z)
> Ev,(z). Consequently, ©,(z) = v(z) = max{o,(s', 2): z€ T ,(s")} as.
and the assertion is proved.

Lemma 2.2: If a sequence & = {yo(s%), z,(s"), ...} fulﬁls (for t =1,
2, ...) the conditions z, € 7, Vi1 = X 8.5, then there exists a program
& = {yo, 21,23, ...} such that z, = z as.

Proof: The program &' may be constructed as follows: z; = z, if z
€T i, Ye1 = X for all k<1t and zi = 0 otherwise.

LemmA 2.3: There exists a vector b € R with the following properties:

(a) if &€ = {yo, 2y, ...} and E = {min(b, yo), Z1, .-}, then £ is a program
if and only if £ is a program; '

(b) if & is a program and p,, p3, ... are prices, then p,, p2, ... stimulate
& if and only if they stimulate E.

Proof: It suffices to put b = (a, a, ..., a) where a is any number greater
than the constant C occurring in 1.4.C. In fact, then x < b for all (x, y)
€ 7 ,(s'), whence it follows that: (1) the inequalities y?(s") > x,(s‘)aand
min (b, yo(s°)) = x,(s?) are equivalent; (2) the equalities pl(s.‘)(yo(s )—
—x,(s")) =0 and py(s)[min(b, yo(s°))—x,(s")] = 0 are equivalent. (1)
implies (a), (2) implies (b) and the proof is complete.
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§ 3. Some lemmas of functional analysis. The existence of optimal programs

3.1. This section contains some lemmas on convex sets, concave func-
tionals and weak topologies and a lemma on the structure of the dual
space of the space L. The section is concluded by the proofs of Theorems
I.1 and 1.2.

3.2. Let G be a closed convex subset of a Hilbert space H and let f(x)
be a concave upper-semicontinuous functional on G with values in [— o0,
+ o).

Lemma 3.1 (see Dunford, Schwartz [1964], V. 3.13): The set G is weakly
closed.!

Lemma 3.2 (see Dunford, Schwartz [1964], II. 3.28): If G is bounded,
then G is weakly compact.

Lemma 3.3: The functional f is weakly upper-semicontinuous on G.

Proof: Both in the strong and in the weak topology of H, the upper-
semicontinuity of f on G is equivalent to the closedness of the set G
= {(x,r): xeG, —o <r < f(x)} in the strong, resp. weak topology
of the space Hx R'. Since f is concave and G is convex, then also the set
G is convex and consequently, by Lemma 3.1, the strong closedness of G
implies the weak closedness of G, which proves the assertion.

LemMA 3.4: If G is bounded, then f attains its maximum on G.

Proof: Clear in view of Lemmas 3.2 and 3.3.

3.3. In the following lemma D and D, are locally convex vector spaces
in which a partial ordering is defined, i.e. cones K< D, K, = D, are
fixed and we say, by definition, that x > y, if x—y belongs to X, resp. K, .
Further, let O be a given convex subset of D and let f: Q —» R!, g:
Q — D, be concave mappings.

LemMmA 3.5 (Hurwicz [1958], Theorem 5.3.1): Let the maximum of f
on the set O~ {x: g(x) > 0} be attained at some point X € Q and suppose
that there exists a point X € Q such that g(x) is an interior point of K.
Then there exists a functional 7 € D¥ such that

#(x)=20 for x>0, (3.1)

) +a(gx)) < f(x) for xeQ.? (3.2)

! The weak topology in H is the weakest topology in which all linear functionals
bounded in the sense of the norm are continuous.

2 A functional =z satisfying (3.1) is called nor-negative, in symbols = 0. If 7 satisfies
(3.1) and (3.2) we say that the functional = relieves the constraint £(x) = 0in the problem
of maximizing f on Q@ n {x: g(x) = 0}.
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3.4. Let D be a Banach space and let D* be its dual. The D-topology
of D* is defined as the weakest topology in which all functionals @ (x*)
= x*(x), x € D, are continuous.

Lemma 3.6 (see Dunford, Schwartz [1964], V.4.2). Any ball in D* is
bicompact in the D-topology of D*.

3.5. The next lemma concerns the conjugate space of the space LI,
= ["(Q,7,P)" A functional z e (L7)* is called absolutely continuous
- 0 H ) A i
if it can be written in the form z(x) = \xo(w)x(w)P(dw) with some xo‘e I .
A functional 7 is called singular if there exist sets I'; = I'; = ... in the
g-algebra # such that: (a) 7#(x) =0 for any function x € L, vanishing iden-
tically on some [%; (b) P(I%) — 0.

Lemma 3.7: Every functional e (L%)* can be uniquely decom-
posed into a sum x = @*+x* where #* is absolutely continuous and 7* is
singular. If w > 0 then #* > 0 and 2® > 0.

This lemma can easily be deduct from Yosida, Hewitt [1952].

3.6. We now prove Theorems 1.1 and 1.2. Note that the first of them
can be regarded as a particular case of the second if we put uy,, = Uy,
— ... = 0. The proof of Theorem 1.2 is based on two further lemmas.

Limma 3.8: For every pell,«) and for t=1,2,.., if z"(s")
e 7 (s") as. and E[z"(s")—z(s)” — 0, then:

(a) z(s") e 7 ,(s") as.;

(b) £i(z™) = fi(2).?

Proof: As E|z"—z|P — 0, there exists a sequence my such that z™ — z
a.s. Hence and by the closedness of 7 ,(s") ‘resp. the continuity of u,(s', z)
for all s* follows (a) (resp. (b) . The proof is complete.

Consider the Hilbert space H* formed by sequences z={z,(s"), z2(s?), -
with the norm ||z|| defined by

ol = ) o B+ o + GV,
o r=1

! We denote by Lj(2, %, P) (1 < p < ) the direct sum of n copies of the space
Lp(R, F, P). For the definition of the latter, see Dunford, Schwartz [1964]..

2 In the case where z(s") belongs to Z;(s") not for all s, the symbol f;(z) is meant
as EU(s', z(s")), where U, is the function defined in 1.4.A.
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where z; is the ith coordinate of z,. Fix Yo(sY). We define a subset R of

H™ as the set of those sequences z = {z,} = {(x,, y,)} for which z, € 7,
Y1 > %, holds a.s. and for all £ =1,2, ... ’

LEMMA 3.9: R is a closed subset of H®.
The proof easily follows from Lemma 3.8 (a).

Proof of Theorem 1.2: On account of the assumption () and Lemmas
3.4, 3.8, 3.9, there exists a sequence {z{, z3, ...} which maximizes the value
of fi(z,)+f2(z2)+ ... on the set R. By Lemma 2.2 there exists a program
with the initial vector y,, which coincides with {»0, 21, 23, ...} a.s. This
program is optimal.

§ 4. The best stationary programs and their stimulating prices

4.1. Our next aim is to prove Theorems 1.5 and 1.6. The following lemma
will be useful to us.

LemMA 4.1: Stationary prices p(s'), p(s?), ... stimulate a stationary
program {y(s%), z(s'), z(s?), ...} if and only if:

4'1,'A' SoZ)+Ep(s)(¥'(s°)—x'(s")) < fo(z) holds for all z/(-)
= (x'("), »'(*)) such that z'(s°) € 7(s°).

Proof: Condition 4.1.A is equivalent to the following pair of conditions:

' 4.LB. fo(z) +Ep(s") (¥’ (s°) = x'(s") < fo(2) + Ep(s*) (3(s°)— x(s") ) for all

Z'(+) = (x'(-),»'(*)) such that z'(s°) e 7(s°):

4.1.C. Ep(s")(»(s®)—x(s")) = 0.

These two conditions are, in turn, equivalent to the conditions of Lemma

2.1, since Ep(s"*')p(s"), Ep(s)x(s"), Eu(s', z(s")) do not depend on ¢, the
process s, being stationary. The Lemma is proved.

4.2. In the following proofs of Theorems 1.5 and 1.6 we shall regard
5, 8", as well as other quantities depending on them: z(s'), p(s*), 7 (s")
u(s_', z) as functions of a trajectory @ = (..., 51, 5o, 5;, ...) € 2; we shali
jzmte T (@) = T (s"), u(w, z) = u(s", z) (we shall also omit the subscript 0
in ug(w, z), 7 o(w) and write simply u(w, z), 7 (v)). Let T denote the map-
ping of 2 into itself, which carries & = {s} intow’ = {57}, where s, = s,,,.
'_I“he process s, being stationary, the mapping T preserves the measure P
induced by the process s, on the o-algebra # generated by the sets {w:
Sm(@)el'}, 'e &, m=0, +1,... Let #, be the c-algebra defined just
as # with the only difference that m ranges over integers not exceeding .
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In order to prove Theorem 1.5, we have to prove the existence of a func-
tion z(w) which maximizes the functional

f(z) = Eu(w, z(w)) (4.1)
on the set of functions z(w) = (x(w), y(w)) such that
z(w) is F ,-measurable, (4.2)
z(w) e 7 (w) for all w, 4.3)
y(w) = x(Tw) for all . (4.4)

In order to prove Theorem 1.6 it suffices, in virtue of Lemma 4.1, to find
an # ,-measurable and integrable function p(w) such that:

42.A. p(w) = 0 and for all z(w) = (x(w), y(w)) satisfying conditions
(4.2), (4.3) we have

f2)+Ep(o) (y(@)—x(Tw)) < fZ). 4.5)

A function maximizing (4.1) under constraints (4.2)-(4.4) will be called

the solution of the extremal problem (4.1)-(4.4). A function satisfying 42.A
will be said to relieve the constraint (4.4).

4.3. Proof of the existence of z(w). An F ,-measurable function z(w)
= (x(w), y(w)) will be said to belong to the class G if it satisfies (4.3),
(4.4) for almost all w. In view of - Lemma 3.8, the functional f(2)
= Eu(w, z(w)) and the set G in the space H = L2, F,, P) fulfil the
conditions of 3.2. Hence, by Lemma 3.4, there exists a function z'(w)
maximizing f on G.

The function z'(w) would be the solution of our problem if conditions
(4.3), (4.4) were satisfied for all @ and not almost everywhere. The desired
function z(w) is obtained from the function z’(w) by an alteration of z'(w)
on a set of measure zero. Namely, we put:

4= {0 2@ T @)
(@) = (¥(), (@) = 742 (@); *
B = {o: y'(0) > x"(To)};
C= Dl TEB;

z(w) = yc(w)z'"'(w).
The proof is complete.

' %, (w) equals 1 for w4 and 0 elsewhere.
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4.4. Proof of the existence of p(w). We apply Lemma 3.5 to the spaces
D=LYR,#,,P), D, = L"(2,F,, P) ordered in the natural way; !
© will be the set of #,-measurable functions whose values satisfy (4.3)
a.s.; g will be the mapping Q — D, which transforms a function (x,»)
into y—Tx, where (Tx)(w) = x(Tw); the functional f is defined by (4.1).
The assumptions of Lemma 3.5 are fulfilled, in view of 4.3 and 1.4.D.
Consequently, there exists a functional = € D¥ such that = > 0 and

f@)+x(y—Tx) < f(2) (4.6)
for z= (x,y)e0.

Let us decompose = into the sum of z* and =, according to Lemma 3.7
and consider the non-negative function p(w) in L(Q, #,, P) for which
7*(x) = Ep(w)x(w). This is the desired function, as will be shown below.

Consider the sequence of sets I'ye #,, corresponding to =* (see 3.5)

and write By = Q\I'y, z, = yrp,2, where ze Q. The functions zi(w) belong
o Q and, by (4.6), we have
J(@) +7* (0 — Tx) + 7 (y) = 2(Tx) < f(Z) 4.7)
where (xg, i) = z. We have a°(y) > 0 and a%(Tx) = 7 (T(xrs,x))
= 7*(xp,Tx) = 0, by the definition of I'y. Consequently,
S(@) +7* (e —Txy) < f(2). (4.8)
The terms on the left-hand side of (4.8) tend to a limit as k — o0: we have

imf(z) = f(z) and lima*(y; — T,) = a*(y— Tx). Indeed,
| f2) = f(z0] +|7* (v —p)| + |* (Tx — Tx))|

< S |u(m, 2(w)) —u(w, 0)| P(dw) + S |p(ew) p(w)| P(dw) +

Try Tr

+ { 1p(0) x(Tw)| P(dw)
Iy
?md each of the integrals tends to zero, since P(I') - 0. Hence, passing
in (4.8) to the limit, we obtain (4.5), and thus p(w) is the desired function.
Theorems 1.5 and 1.6 are thereby proved.

4.5. Repeating the considerations of 4.3 and 4.4 we may obtain another,

more general result, which we now formulate and which will be used later
in Section 7.

1= . <
i.e. their ordering is defined by the cones of functions a.s. non-negative.
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Let (2, #, P) be a probability space; let T:2 — 2 be a one-to-one
mapping and suppose that the measure P is quasi-invariant® with respect
to 7. Further, let #, be a g-subalgebra of # such that 7-'%, = #,.
Let 7 (w) be a subset of {z: z > 0, ze R*"} satisfying 1.1.A for w e 2
and, finally, let u(w, z) (we 2, ze 7 (w)) be a function which, for every o
satisfies condition 1.1.B. We assume that 7 (w) and u(w, z) fulfil assump-
tions of measurability, integrability and boundedness, analogous to 1.4.A—
1.4.C? and suppose that there exist %, y € R" such that X < y and (X, y)
€ 7 (w) for all w. Then the following theorem holds true.

THEOREM 4.1: There exist a solution of the extremal problem (4.1)-(4.4)
and a function in L}(Q, T-'#,, P) relieving the constraint (4.4).

The proof consists in repeating verbatim the arguments of 4.3, 4.4.%

§ 5. Good programs. Asymptotic behaviour of finite optimal programs

5.1. Throughout this section we assume that the conditions formulated
in 1.8 are satisfied; we use the notation introduced in 1.8.

5.2.4 LemMa 5.1: The definitions of good programs, as formulated
in 1.8, are equivalent.
Proof: From the definition of 8,(£) we can easily deduce the equality

N N
IGE ;[ﬁ&.)—ﬁ(z,)] = —Epvown+Enye.  (5D)

=1
The right-hand side of (5.1) is bounded by the stationarity of {p,} and
the boundedness of {yy}. Hence the assertion follows.

LeMMA 5.2: Good programs exist.

Proof: We first assume that the given vector y, is uniformly positive.
We also assume that:

5.2.A. X < J < yo(s°), where (x, p) is defined in 1.4.D.

(This may be obtained by multiplying (X, ) by some i > 0 small
enough.)

L A measure P is called quasi-invariant with respect to a mapping T if the equalities
P(I') = 0, P(TT") = 0 are equivalent.

2 Those assumptions are obtained from 1.4.A-1.4.C if we replace s* by w, omitting ¢
everywhere, and if measurability is meant with respect to the o-algebra 5, » 2", where
282" is the c-algebra of Borel subsets of R*".

3 Replacing everywhere &, by T-'%,. .

4 The proofs of Lemmas 5.1, 5.2 as well as the considerations of the next sec-
tion, follow the ideas of Brock [1970] and Gale [1967].
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Let 6 € (0, 1) be a number such that
¥y =z 0x+(1-0)x(s" (5.2)
holds for all s*. Such a number exists by the boundedness of ¥(s") and the
inequality y > x. We show that: (1) the sequence & = {¥os 215 225 ..}
where
z(s') = 02+ (1-6"2(s"),
is a program; (2) this program is good.

(1) Clearly 2,(s") € 7 (s"), so that it suffices to verify that j,_, > %,
(t=2,3..) and that y, = x,. The first inequality follows from the iden-
tity:

Py =X = 07 I— (02 + (1 -0)%(s))]+ (1 -0 H (s~ ) = x(s9)],
where each of the expressions in square brackets is non-negative. The se-

cond inequality follows from (5.2) and the fact that y, > 7.

(2) Since the function u is concave and the model is stationary, we
have

fiZ)—fi@) = O'[£i(2)~f(2)] = 0" - const;
consequently, the sums Y [f;(2,)—/i(z,)] are lower-bounded.

Thus a good program is constructed under the assumption that the
vector y, is uniformly positive. The case of an arbitrary sufficient y, may be
treated similarly and the lemma follows in view of the following remark.

Remark 5.1. Any program {y,, (x;, y,), ..., (Xx, yx)} with py uniformly
positive may be extended to a good program by putting

z(s") = 0-Vz4+(1-0"MZ(s") (1 > N),
where x < J < yy(sV) and 6 is a number fulfilling (5.2).

5.3. We shall now prove Theorems 1.8 and 1.9.

We first outline the idea of the proof. Consider the reduced utility
o(s", z) = p(s")y—p(s") x, corresponding to the stationary prices stimulat-
ing the turnpike. We shall regard the non-negative number o,(z,)
= E[o(s', 2(s"))—v(s", z(s"))] as a measure of the deviation of the program
& = {0, 21, ...} from the turnpike & at the moment ¢. Firstly we show
that good programs approach the turnpike in the sense of the “distance” 0,

(2]
LeMMA 5.3: If the program {y,, z,, ...} is good, then 3. p,(z,) < 0.
i=1

LeMMA 5.4: There exists a K such that for any N and for an optimal

N
program &Y = {3, z¥, ..., 2N} we have D’ 0,(z") < K.
=1
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From Lemmas 5.3, 5.4 we shall deduce, respectively, Theorems 1.9 and
1.8. The proofs will be based on two further lemmas; the first of them gives
a possibility of passing from g,(z,) to the distance in the mean E|z, —Zz|;
the second one shows that the probabilities of events {|z,—Zz| > ¢} may
be estimated with the use of the numbers g,(z/).

LEMMA 5.5: For every & > 0 there exists a # > 0 such that g,(z) >/
for all 7 and all z(s*) with z(s") € 7 (s"), E|z(s")—z(s")| = &}

LEMMA 5.6: If the function u(s', z) is uniformly strictly concave, then
for every & > 0 there exists an A4 such that P{|z(s)—Z(s")| =&} < Aa.(2)
for all ¢ and all z(s*) with z(s") e 7(5").

5.4. Proof of Lemma 5.3: The assertion holds in view of the inequality

0.(z) < 6,(8), (5.3)

which follows from (1.5), (1.10) and the definition of g,(z).

Proof of Lemma 54. Let us consider any good program ¢
= {Yo» 71, 23, ...} (which exists by Lemma 5.2). Then we have the follow-
ing chain of relations:

N N N
STaE@ < 8@ = O LG~ +Epi vo—Epwsi N
t=1 =1 r=1

N
< O @) ~fiz +Eps yo— Epn. 7% (54)
r=1

The first inequality holds by (5.3), the equality holds by (5.1) and the last ine-
quality follows from the optimality of £¥. The prices {py.,} being stationary
and the sequence {y¥} being bounded, also the sequence Epy . yy is bounded.
Consequently, the assertion follows in view of (5.4) and the relation

N
3 @) —fi(2)] < const.
i=1

Proaf of Lemma 5.5. Assume the converse. Then there exist an & > 0,
a sequence of numbers 7, and a sequence of functions z(s®) such that
pu(z) = 0 and
ElZ(s")—z (") = &, z(s%) e T (s).
Hence
0 = lim E[o(s", 2(s™) ) —2(s"%, z(s%))]
= limE[2 (5%, 2(s°))—2 (5% z(s))]

1 We recall that throughout this section, and thus also in Lemma 5.5, the function
u(s?, z) is assumed to be strictly concave.
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and thus ©(s% Z(s°))— (5% zm(s°)) = O a.s. for some subsequence {z,)
< {z}.

Since the function u(s, z) is continuous and strictly concave, then so is
the function o(s, z). Consequently, z(s°)—z,(s°) — 0 a.s., since z(s°) is
a maximum point of ©(s° z). It follows that

0 = limE|z(s°) — z,,(s%)| = lim E|Z(s") — z,,(s")]|,
contrary to the supposition.

Proof of Lenuna 5.6: The function u(s', z) being uniformly strictly con-
cave, the function #(s', z) also is uniformly strictly concave.

Hence it easily follows that for every & > 0 there exists a % > 0 such that
o(s', 2(s"))—v(s", 2) = = for all ¢,5" and all ze F(s") with |z(s")—z]
= &. Consequently,

P{|2(s)~z(s")] = &} < Plo(s, 2(5") —o(s", 2(s") > x))

1 -
= E[o (s, 2(sY))—v(s", z(s"))] = % 0,(2)
by Chebyshev’s inequality. The lemma is thus proved.

5.5. Proof of Theorem 1.9: If the program {y,, z,, ...} is good, then, by
Lemmas 5.5, 5.3, for every & > 0 there exist at most finitely many values
of ¢t with E|z,—Zz,| = ¢, i.e. E|z;—Z| — 0.

In order to prove that |z,—z,] — 0 a.s. in the case of u(s’, z) uniformly
strictly concave, we fix an ¢ > 0 and consider the series Z P{|z,—Z| > €}.
In virtue of Lemmas 5.3, 5.6 this series converges. This inolves, by the
Borel-Cantelli Lemma, that only finitely many events {|z,—Z| > &}
may happen a.s. Hence z,—z, — 0 a.s. and the theorem is proved.

Proof of Theorem 1.8: The sequence y is bounded since, by Lemma 5.5,
K
> 0,(2)) = typ and thus by Lemma 5.4, ty < VR

‘We have the equality
N

Oy = Ex{lz:*—z;z:}’

and the relations

N N

By = ) P{l¥-z|2 e} <4 o(e)) < KA
t=1 t=1

hold; the first of the above inequalities follows from Lemma 5.6, the second

follows from Lemma 5.4. The sequence Efly is thus bounded, which con-

cludes the proof.
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5.6. Note that the assertion on the boundedness of Efiy is stronger than
that on the boundedness of ty in the following sense: Let {&}}(N = 1,2, ...;
1 < £ < N) be a family of random variables, uniformly bounded by some
constant B, and let zy(e) (resp. fiy(¢)) be the number of those ¢ for which
E|E]| = & (resp. || = &). Then if the sequence {Efy(¢)} is bounded for
every & > 0, then also the sequence {fy(¢)} is bounded for every ¢ > 0.!
The converse, in general, need not hold.

The author does not know whether the sequence {Efy} of Theorem 1.8
is bounded and whether (1.9) holds in the case where u is strictly, but not
uniformly strictly, concave.

§ 6. The strongly optimal program

6.1. We now prove Theorem 1.3. The proof will proceed in steps, out-
lined in 1.8.

(a) In order to prove the existence of a program & minimizing & we
consider the space H* and the set R = H® defined in 3.6. For a fixed
Yo, — 8,(€) and — 6(&) are concave functionals on R; the functionals — §,(),
t=1,2, ..., are continuous by Lemma 3.8(b), and —4d(&) is upper-semi-
continuous as the sum of non-positive continuous functionals —4,(£).
Hence, by Lemma 3.4, there exists a sequence {z,, z,, ...} € R minimizing
8(&) on R. A program coinciding a.s. with {y,, z;, z2, ...} (which exists by
Lemma 2.2) will be the desired program.

(b) 6(5) < oo in view of Lemma 5.2.

(c) It follows from (b) and the strong concavity of u that the program &
is unique up to equivalence.

Proof of Proposition 1.2: We shall employ the following equality, which
is a consequence of (5.1):

N N N
D UG A+ Epw e x—30) = D 68— > 8.  (©.1)
t=1 r=1 t=1

In view of (b), the right-hand side of (6.1) tends to the limit 6(5)—6(5').
The sum forming the first term on the-left hand side of (6.1) tends to the
same limit in view of the fact that: (1) if 8(&) < cothen Epv,,(Pv—yn)
= Epn.1(Pn—In)—Epyyi(Px—Iy) — 0, by Theorem 1.9 and the stationar-

! The proof follows easily from the following two facts:
(@) EOn(e) = P{IL/| = e}+ ... + P{IL}] = &};
(b) the inequality E|Z¥| = e implies P{IL)| = €/2} = £[2B.
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P’ = vyx P} to the mapping T': 2’ » ', to the g-algebra #, to the set
7"'(w') and to the function u'(’, ), where the symbols in question are de-
fined as follows: T'(¢, ) = (1 +1, w); F consists of all sets I" € %’ such that
for any ¢ {w: (t,w)el'} eF; T'(0') = T (o) for o' = (1, w); u' (o', z)

= 71 u(w, z) for o' = (t,w), ze T'(v').

According to Theorem 4.1 there exist an % ;-measurable function Z(w')
= (¥(»"), (")) and a non-negative function r(w’) in L! (@, ()7, P),
with the following properties:
H)eT'(0); o) = 3(Te'); (7.3)
and

| (o', 2(0) P'(de') + § (') (1) = 2(T"0")) P (de)

2 o

< (w (o, 3)) Py (1.4)
o

for all #o-measurable functions z(w') = (x(«'), »(@")) with z(w') € 7" ().

Put z,(w) = Z(1, w), r(w) = r(t, ®), p(w) = Ve_1 71 (®). We shall prove

that sequences {...,2_,, %, ...} and {...,p_,, po, ...} enjoy the desired
properties.

To this end we note that: (1) if z,(w) = z(r, ®), then z(w') is F y-meas-

urable ((7")"' & ;-measurable) if and only if for every 1 the function z(w)

is # -measurable (resp. #,, -measurable); (2) for any function ¢(z, w)
we have

S p(w") P'(dew') = Z nEp(t, w).
& -

Thus, by (1) and (7.3), {Z,} € Z. In view of (2), inequality (7.4) may be
rewritten in the form

4+ 4 4o
D EuE)+ Y v En(yi—%,) < Y Eu). (7.5)
-0 =00 —w

Replacing in (7.5) the sum 2 v Ery(y;— X, 1) by the equal sum > Ep,(y,_, —
—X;), we obtain just (7.2). The # ~measurability of p, follows from (1).
Finally,

ZElp,l = Zv, Elrl = | Ir()] P(de) < o
P-4
and the lemma is proved.

! See 4.2,
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7.4. LeMMA 7.3: Under condition (+) there exist & and {p.} with the
property 7.2.A. ’
Proof: We extend the definition of 7, u, to all < 0 putting:

To(s°) = {(x,7): 0< x < yo(5), 0y < 306
TN ={(x,»):0<x<x% 0<y<yp for 1<0,

=0 for <0,

where # < y and (x, y) € 7,(s") for all s, t =1,2,... Lemma 7.2 rrfay
now be applied to the above 7, u, (8 =0, EL; ) In'deed, CODdl?lOI}
1.4.C is fulfilled, since yo(s°) is bounded; condition 1.4.D is fulfilled, since
vo(s°) is uniformly positive and thus there is a 4, 0 < A< 1, such ﬂ'li.it
32 e T,(s") for all t=0,+1,.. The remaining conditions assumed in
Lemma 7.2 may be easily verified.

Let {...,Z_y, Zq, ...} and {..., P_1, Po> ...} be sequences of Lemma 7.2.
Clearly, & = {yo. Z1, ...} is a program and p;, p2, ... are prices such that

w
> Elp,| < . Applying (7.2) to the sequence

t=1
{'-' 3 (0) 0)’ (09 0)s (09 yﬂ)! Zy, Z3, "-},
where z, = (x,, y,) € 0,, we get (7.1). Consequently, £ and p, satisfy con-
dition 7.2.A and the assertion of the lemma follows.
Theorem 1.4(b) is thus proved.

7.5. LEMMA 7.4: There exist {yo, Z1, ---» 2y} and {p;, ..., Py} With the
property 7.2.B.

Proof: We apply Lemma 7.3 to the model, where uy., = Uz = oo = 0.
It follows that there exists a program {yo, Z;, ...} and prices py, P2, ..
such that

N o N
;f.(zmr Z Epi(yeey—%) < ;f,(f.) (7.6)

holds for {z} = {(x,,»)} with z €Q,. Consequently, {yo,Z, ..., Zn}
and py, ..., p satisfy 7.2.B, since, putting in (7.6) Zy+1 = Zns2 = -0 = 0,
we get Ep,(y,_,—x;) =0 for t > N+1 and Epnir(vx—Xn+1) = EDNja ¥
= 0, concluding the proof of the lemma.

Theorem 1.4(a) is also proved.
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§ 8. Prices stimulating the strongly optimal program

8.1. We first sketch the idea of the proof of Theorem 1.4(c).! For every

N=1,2,... consider the program &¥ = o, 2Y, ..., Z}} and prices
{pY, ..., px} with the following property:
N N N
= D8O+ D B —x) < — D@ (8.1)
t=1 t=1 =1

for all sequences & = {yo, (x;, 1), ..., (¥y, y»)} with (x,,y,) €Q,. (The
existence of &¥ and {p}'} follows from Lemma 7.4, since -—Z 6,(£) may
be written in the form ZEH;(Z,), where

u(s',2) = u(s', z)— Eu,(z) for 1<t<N-1
and

uv(s¥, 2) = u(s", 2)— Euy(Zx) +p(s™) y— Ep, yo.)

Consider the functionals =(x) = EpMx defined on the space D,
= L (2,%,, P) (see 4.2) and, for N = 1,2, ..., let ¥ denote the sequence
(7Y, 7Y, ..., 75,0,0, ..). It will be shown that if Df¥ is equipped with
Di-topology (see 3.4) then the subset ¥ = {x', 72, ...} of the product
DY x D¥ x ... has a cluster point z®° = (z?, 7%, ...). Then the absolutely
continuous components 7" of; the functionals ;> define prices stimulating
the strongly optimal program £.

8.2. LemmMa 8.1: The set ¥ possesses a cluster point.

Proof: It suffices to find a bicompact set containing ¥. Suppose that
there are numbers ¢, such that for any ¢ the functionals ' (N=1tt+1,..)
lie in the ball B, = {z: ||z|| < ¢} of the space D¥; then the set B xB,x...
will be the desired bicompact set, by Lemma 3.6. Thus it suffices to show
that for any ¢ the sequence {||=||} is bounded.

Note that ||zY|| = EpYe, where e = (1,1,...,1)eR". Fix a t = t';
assume that 5.2.A holds and consider the program {y,, 2, 2, ..., 2} (where
z occurs t' times). According to Remark 5.1, we may extend this program
to a good program & = {y,, 2, ..., 2, Zyy, Zposa, ...}. Then, as can easily
be seen from (8.1),

N
= > MO+ ERG-H <0,
=1

o0
hence it follows that Ep}(y—x) < const, since > 8.(8) < . It just
=1

! See 7.1.

OPTIMAL STOCHASTIC PROGRAMS 247

remains to notice that then also Ep,’ e must be bounded. The lemma is thus
proved.

8.3. In the following lemmas we investigate functionals 7 and 7.
To this end we introduce:

Dermation: Let N be a positive integer and let & = {yo, (%1, ¥1)s ...}
be a sequence such that (x,, y) € Q, (t = 1,2,...). We shall call £ a quasi-

program of type N if y,_, = x, for t > N. _
Observe that for any quasi-program & the functionals &,(£) and d(&)

make sense.

Lemma 8.2: (a) #° = 0;
(b) For any N and any quasi-program & of type N we have:

N
—0E)+ Y AP (s —¥) < —3(). (8.2)
=1

Proof: Assertion (a) follows from the fact that each #Y is non-negative
and z® is a limit point for {z"}.
In order to prove (b) we fix an N and £ and, applying (8.1), we consider
(for k > 1) the inequality:
N+k N4k N+k

— ; 6:(8)+ Z 5’!-";"“‘(}":—1 —-X) < — ; (5,(&”‘“")_ 8.3)

Since y,_; > x, for t > N, inequality (8.3) remains valid if the last k sum-
mands are omitted in the second sum. In view of this remark, it follows
that for any & > 0 we have, for inifinitely many values of k,

N ~
_emd®+ ) a G —x) < — D, 4E (84)
=1

Ntk _ '
since Y. 0,(&) = 6(£)and #* is a limit point for {#"}. Now, ¢ being arbi-

=1 )
trary, it remains to verify that the right-hand side of (8.4) (we denote it by

— 8"+k) tends to — d(%) as k— . '
It follows from (8.1) that & minimizes 6, + ... +dy in the class of all

programs; hence
N1

N N 1 . :
3 = D ) < Do < D0 = B,

i.e. the sequence o" increases. Similarly we get 5V~$_ 8(£). Now, it suffices
to find a sequence N,, such that liminf o¥m > §(&). Such a sequence may
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be constructed as follows. We regard the pairs Z) as points of the space
H, = L3(2,7,, P). In view of Lemma 3.2, applying Cantor’s diagonal
process, we construct a sequence ¥, such that, for any t = 1,2, ...,z
weakly converges to some point z° € H,. Employing Lemmas 3.1, 3.8(a),
2.2, it is not difficult to show that there exists a program &® which coincides

with {y,, 22, 22, .. } a.s. Then, for any r, we have

hrnmfZé (@) > hmmfzrs (Evn) > Va (&), (8.5)

m—oo o m—w =

where the last inequality follows from Lemmas 3.3 and 3.8(b). In view
of (8.5), we have

lim inf 3% > 8(62) = 8(&).
The proof is complete.
8.4. Lemma 8.3. Inequality (8.2) remains valid with 7°? in place of .

Proof: We fix an N and observe that, in virtue of Lemma 8.2, we have,
form = N:

N m
—5E)+ ) A —x)+ D a (e —x) < —0)  (8.6)
=1 =1

for all quasi-programs & of type N. Suppose that (8.6) holds for some

m (N = m = 1); we shall prove that then it holds also for m—1.

We fix a quasi-program & = {y,, z,, ...} and we assume that 6(§) < o
(if 6(&) = oo, the assertion is obvious). According to Remark 5.1, it is
not difficult to show that for any sufficiently small £ > 0 there exists a quasi-
program &' of type m of the form {yo, Zi, ...) Zmo1, €2, Zmy1s Zmszs oo}
and such that 6(¢') < co. Consider the sets {I}} of the o-algebra #,,
corresponding to the functional =2, and put

&= {yo, 21,25, ..} = yr & +(1—y)E.

For every / the sequence &' is a quasi-pmgram of type N and thus

N
—8(E)+ ) A ]—x,)+2~z, o=+
=1

R (mos —X) < —0(8),  (8.7)
since 2y = z,,...,zh_, = z,_,. This inequality will remain valid with
T (Vm_1 — Xby) replaced by —en*(X), since

Tt (P — %) = —72X),) = — 7 *(eXyr, + (1= 2r) Xm)
= —eap(%), (8.7)*
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in view of the inequality y,_, = 0 and by the definition of I',. Let (8.7)*
denote the inequality thus obtained from (8.7); we shall pass in (8.7)*
to the limit as / — oo. ‘

We show that: (1) X o (yi- ,—x.) =3 AP — %) (2) 8(&)
— 8(8). (1) holds true, since Py = Y1, Xt = X, as. and wPt(x)
— Ep®x, where p® € L}. In order to prove (2) we write 3(&") as

BEY = D A(EY+ D a8,
<N >N

The first sum tends to T 8,(£) by Lemma 3.8(b). The second sum may
I“é

be written in the form

> ade) = > Ed,

t>N > N
where

di = Zr,[g:(fn Fr_1)—gt(z:s v+ "xr,)[gr(zrs ?f—l)—'gr(zls Ye—1)]-
Hence it is easily seen that
dl - g,—g as. (8.8)
0<d < (g—g)+(g—g) as. (t>N). (3.9)

Since the series Y E(g,—gi) = > 6,(&) and Y E@—g) = Z 8,(&) con-
verge, then, by (8.8) and (8.9), T Ed! - Z 8,(£) and assertion (2) follows.

and

Now, passing to the limit in (8 7)* we obtam an inequality which differs
from the desired one in that it contains the term —ezng #(%). But, & being
arbitrary, this term may be omitted. The lemma is thus proved.

8.5. Consider the functions pZ in Lj(2,%., P) corresponding. to
functionals 7@, We shall prove that p?, p7, ... form a system of prices

stimulating E.
We have, in view of Lemmas 8.2, 8.3,

N
6(§)—é(5)+ZEpr(y._fx,) <0 (8.10)

for all quasi-programs of type N. Putting & = £ we get EpP(Ji_1—X) =0
fort=1,2, .., ie &and {pP} satisfy 2.2.B. Now let 7 be any positive
integer, let zeQ, and put N = t+1, & = {yo, 215 s Zt=1, % B fon i
Then, by (6.1), B
8(8)—6(8) = fi(2)—fi(z)
and, by (8.10),
.ﬁ(zr}_ﬁ(}r)"‘EP?BG’r-l*-‘5)+Epﬁ-1(_"—-{'!+1) < 0.
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Hence and by the equality Ep?(j,_,—%) = 0 it follows that £ and {p}
satisfy 2.2.A.

Theorem 1.4(c) is thus proved.

§ 9. The model with the origin of history —

9.1. In this section we prove Propositions 1.3 and 1.4.

Proof of Proposition 1.3: Let z; = (x}, ) = E(z,ls_a) = E((x;, »)Is s)
a.s. We show that: (1) for 7 > 1 we have y;_, > x; a.s.; (2) yo = x1 a.s.;
(3)z; €7, as.and fi(z) = fi(z) for t = 1.

Assertion (1) follows from the relations

Yier = E(reo1lsS') = E(ye_ylsla) 2 E(xlste) = x; as,,

where the second equality holds in view of the fact that ¢, is Markovian
and the inequality holds since y,_; > x,. (2) is proved similarly.
In order to prove (3) we consider the set

T(s') = {(z,r): —0 < r < ulste, 2), zie T (st}

Since, according to 1.4.A% the function U,(s",, z) is measurable in (s',, z),
there exist measurable functions ay(s'y), b(s's), ci(s'e) (K =1,2,..)
such that

T (ste) = ﬂ {(z,): a(sL) 2+ bi(sLa)r < a(s0)} as. 9.1)

This follows easily from the results of Rockafellar [1969], Theorems 5, 4(b),
3(d). We may assume that a, by, ¢; are bounded (otherwise we divide
them by |a| + |by| +|ex| +1).

We now apply the representation of 7, given by (9.1) and we note that
az,+bu(z) < g fork = 1,2, ... Hence

a E(zste) + b E(u(2)|s 2) < ¢ as.  for k=1,2,...,
and so

(EGlsta), E(u(z)lsia)) € F(ste) as.,

1.e. z; re.’f— ‘s E(u,(z,)ls'_u) < u,(z;) a.s. The last inequality implies f(z,)
< fi(z), and assertion (3) is thus proved.
The desired program may now be constructed precisely as in Lemma 2.2.

9.2. Proof of Proposition 1.4: The prices p)(s',) = E(p,]s'.) and the
program ¢ satisfy condition 1.5.B, since if p,(s%) (Pe- 1 ) —x(52)) = 0
a.s., then

[E(p:|s".)] (}’r—l(s!__ai)_xr(sf.a)) =0 a.s.
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A function z(s".) will be said to belong to the class OF if z(s*,) € T, (s‘_c,)
for all s ,. Since {p,} stimulate & thus for all z = (x,) €0, and,
particular, for all z = (x, y) € OF (2.1) holds. But since Epyy, (s p(st )
= Ep, . (5" )y(ste) and Ep,(s)x(sts) = Epi(ste)x(sty), we have:

9.2.A. For all z in Of we have:
E%’,(S’_a, Z(S'_¢)) < Ei'g (Sf_nz: zl(sl—m))s

where
9,(s%y, 2) = w (s as 2) +Pr+1(s-m)y Pilsta)x;

13:+1(5 w) = E(Pr+1(3‘+1)|5 )

It follows from 9.2.A that {p;} and & satisfy condition 1.5.A. This is
proved similarly as it was proved in Lemma 2.1 that 2.2.A implies 1.5.A;

just s and Q, should be replaced by s%, and OF.
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