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REGULAR CONDITIONAL EXPECTATIONS
OF RANDOM VARIABLES DEPENDING ON PARAMETERS*

I. V. EVSTIGNEEV

(Translated by Dominique Haughton)

1. Let (Q, &%, P) be a probability space, %, a sub o-algebra of %, (X, &) a measurable
space, and ¢ (o, x) a ¥ X Z-measurable function on Q x X with values in [~c0, +00]. A measurable
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function ¢, : Q X X - [—00, +00] with respect to F,x & is called a regular conditional expectation
(r.c.e.) of the function ¢ and is denoted by ¢, =E'(¢|%,) if

(1) eo(w, £(@)) =E[p(w, £(w))|F]  (as.)

for each measurable mapping ¢:(Q, %,)~> (X, Z) for which the conditional expectation
E[¢(£)| %] of the random variable ¢(¢) = ¢(w, £(®)) is meaningful.
Remark. As usual E[¢(&)| %,] is given by the formula

E[0(8)|Fo]=El¢(£)"| F]+E[¢(£)7| F),

where s* =max(s, 0) and s~ =min (s, 0) for s € [—00, +00). This formula is meaningful if at least
one of the two terms on the right-hand side is finite.

Assume for the moment that ¢ = 0 and that there exists a conditional distribution p(w, [')(T' €
%) with respect to the o-algebra F,(see, for example [1, Chap. 1]). Then

I p(w, do')p(w', x) =E" (¢ | Fp).

However the existence of p(w, I') is not at all necessary for the existence of a r.c.e. Without
any assumptions of this type (but under further restrictions on ¢) the notion of a r.c.e. was
examined in [2], [3]; see also [4], [5] and [6, Thm. VIIL.17]. It was shown in [2] that in control
problems for random sequences (with a discontinuous and nonadditive functional) it is possible
to bypass conditional distributions by using r.c.e. techniques.

The main results of this article concern the uniqueness of a r.c.e., a problem which arises
frequently in applications of this notion. Specifically, sufficient conditions are formulated for
the function ¢, =E"(¢|%,) to be determined uniquely up to the following equivalence: ¢,~ ¢}
if there exists a A€ %, such that P(A) =0 and ¢y(w, x) = ¢4(w, x) for all @€ Q\A, x€ X (see
Theorem 1). Some classes of functions which are invariant under the r.c.e. operator are also
investigated.

This note consists essentially of the statement of our results. We only carry out a simple
proof of the existence of a r.c.e. under the general conditions made. Longer proofs will be given
in a subsequent publication.

2. We now establish the existence of a r.c.e. We denote by = the set of all measurable
mappings £: (Q, %) > (X, &) and by ¥ the class of F X & measurable bounded functions ¢ (w, x)
for which there exists a function ¥,(w, x) with values in (—o0, +00) which is a r.c.e. for . The
class 9 is a linear space, since for any ¢, ¢'€ # and a, a’e€ (—0, +0) we have ay,+a'y,=
E'[(ay+a'y")| F,o] if Yo=E"(¢| F,), wh=E"(¢'| F,) and the values of ¢, and ¥} are different
from +oo. Further the class % is closed under bounded limit operations. Indeed let ¥*e %
(k=1,2,- ), |¢*(w, x)| = const, y*(w, x) > (v, x), and ¢§ =E"(y*| F,). Then ¢y =E"(¢| F,)
where o(w, x) =1im,_ . Y&(w, x) if this limit exists and is finite, and yo(w, x) =0 otherwise.
Finally, % contains all the functions of the form ¢(w, x) = ¢,(w)¥,(x), where the ¢; are bounded
and measurable. The class of all such functions is closed under multiplication, contains 1, and
generates # X &. We can then conclude (see, for instance, [6, Thm. 1.20]) that % contains all
bounded & x &-measurable functions.

Let us prove that a r.c.e. exists for any ¥ x &-measurable function ¢(w, x), with values in
[0,0]. By the above, the functions ¢*(w, x)=min (y(w, x), k) (k=1,2,--) have a r.ce.
YE=E"(y*| F,). If we define y(w, x) to be the lim sup,_.o ¥(w, x) we find o =E"(¢| Fp).

Finally, we take an arbitrary % X #-measurable function ¢¥(w, x). Consider r.c.e.’s a =
E"(¢*| %), B=E"(4~|%,) and put Yo(w, x) = a(e, x)+ B(w, x) if at least one of these terms is
finite, and ,(w, x) =0 otherwise. Let £€ E and assume that E(¢(&)|%,) is defined. Then at
least one of the two conditional expectations E(¢(£)"|%,) and E(¢(¢)|%,) is finite with
probability 1, and since the first one is a.s. equal to a(£) and the second one to B(¢), one of
the quantities a(w, é(w)) and B(w, £(w)) is finite for almost all w. Consequently

Uo(€) = a(€)+B(&) =E[Y(&)"| F]+E[¢(&) | Fol =E[Y(£)| F,]  ass.
which means ¢, =E"(¢| F,).

3. We now turn to the question of the uniqueness of r.c.e. We shall say that an F X
Z-measurable function ¢ is in the class & if E[¢(£)|%,] is defined for any £€ E. By F§ we
denote the completion of %, with respect to the measure P, and ', the set of all ¢-measurable
sets of measure 0.
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PROPOSITION 1. The following two statements are equivalent,

(I) Forall pe % ar.ce E(¢|%,) is determined uniquely up to an equivalence.
(II) For any T € F,x X there exists a £ € E such that

prol'\{w: (0, é(w)) €T} e N,.

Statement (II) means that there exists a measurable mapping ¢(w) such that é(w)eIl'(w) =
{x: (w, x) €T} for almost all w € prq ' ={w: I'(w) # I} (the almost-selector of the multivalued
mapping o —I'(w)). Proposition 1 thus establishes a connection between the uniqueness property
of a r.c.e. and existence theorems for measurable selections [7], [8] and [9].

We shall say that a measurable space (X, &) is the measurable image of the space (Y, %)
if there exists a measurable mapping j: (Y, ¥) - (X, Z), such that X =j(Y). If Y is a topological
space, then the Baire o-algebra on Y (the smallest o-algebra with respect to which all continuous
functions are measurable) is denoted by B(Y).

THEOREM 1. In order for statements (1) and (11) to hold it is sufficient that the space (X, )
be the measurable image of some compact space Y with the Baire o-algebra % = B(Y).

The condition stated in the theorem is satisfied if, for example, (X, &) is a standard Borel
space, i.e., X is a Borel subset of a complete separable metric space and & is a Borel o-algebra.
Then, as is well known, (X, &) is the measurable image of the interval ([0, 1], ([0, 1])) (see,
for example, [10, Appendix 1]).

The proof of of Theorem 1 in the general case relies on the continuum hypothesis (CH):
every infinite set of real numbers is either countable or has the cardinality of the continuum.
The plan of the argument is roughly the same as for the proof of Theorem 1 in [11] (where the
(CH) is also used). One can manage without the (CH) if at least one of the following further
assumptions is introduced:

(1) (X, &) is a standard Borel space;

(2) the compact space Y can be represented in the form of a topological product 7Q,, of
a family of compact metric spaces Q, (the cardinality of this family may be arbitrary);

(3) the o-algebra %, is complete with respect to the measure P.

In case (1) we use Aumann’s theorem on measurable selection (see for example [9, Appendix
1]). In case (2) we use a simplified version of the arguments of [11]. In case (3) we use a method
based on the theory of lifting (see for instance [12], [13]). The following question is of interest:
does there exist a method of proof of Theorem 1 (in the general case) which does not rely on
the (CH)?

We note that the compactness condition for Y in Theorem 1 can be weakened if we assume
that Y=Y, UY,U:---, where Y; (i=1,2,---) are compact.

We also note that statement (II) implies the %% -measurability of proI” for any I'e Fyx £,
Thus uniqueness of r.c.e. fails to hold whenever there exists a I'e %, x £ with prol'¢ %§. This
can happen if, for example, X is a suitably chosen nonmetrizable compact space and & is a
Borel o-algebra on X. This implies, incidentally, that the Baire o-algebra % cannot be replaced
in Theorem 1 by the Borel o-algebra.

4. Results such as Theorem 2 below can be used to construct Bellman’s function in control
problems with random sequences (see [14]).

If X is a topological space and ¥ is a sub o-algebra of %, then we denote by (¥, X) the
class of functions ¢: ( X X - (—00, +00], that have the following properties:

(V.1) the function ¢ (w, x) is measurable with respect to ¥ x B(X);

(V.2) ¢(w, x) is lower semicontinuous in x for any w € Q;

(V.3) there exists a function g(w) such that E|q(w)| <o and ¢(w, x) = g(w) for all w and x.

THEOREM 2. If X is a compact space and ¢ € V(F, X), then there exists a function ¢, €
V(F,, X) such that ;= E"(¢ | F,).

Under the additional assumption that the compact space X is metrizable, Theorem 2 is a
corollary of [14, Thm. 5].

The author extends his gratitiude to Yu. M. Kabanov, S. E. Kuznetsov and V. L. Levin,
who made a series of valuable remarks which were taken into account in the preparation of the
final version of this article.
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